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Chapter I 



If ve^ suppose that thTs eystrai of equations has a solution: 

4 ' ' 

♦ * ^ ax + by « 

' ^ k / ^ 

it can be found Tsy elementary methooH^o be: ; ^ 

* ^ ' * br ar « cp * , 

* , ^ ^ "^aq - bp ' ^ " aq - bp ' ^ 

These numeratore and denominators may be -written in a form vhich helps to^ 
aevelbp a useful algebraic concept and notation: 



•x = 



IP 41 



a b 
P q 



An expression of the form 



fa- ^ 
|P 4 



is called a determinant, and its 
«k 'value, as suggested by the example a^ove, is defined: 



a-, b 
P q 



= aq - bp 



This det^j^nant has two* rovs:" a,bj^ and p,q; and two columns: a,pjr 

2 ' 

and b,q , It is called a seeond o:^der determinant , and has ^ = 2 terms, 
pr Elements'. . A third , order "determin^t has three 'rows and three ftolvimns, and 

9 » 3^ elfmentB. A determinant of (ifder h has n rows and n columns, ^ 
and so on. We frequently, use V to indicate either a determinant or its 
WLue. Note that the first order determinant |a| has the value a . 

We list a number of theorems, all of ^Ich are true for deteiTninants of 
any order, and indicate briefly proofs >pr the second ordej:. In neat cases • 
* ^the ptoof for higher orders is a sti'aight forward generalization of the proof 
for the second order. 
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9 




a b 




a p 


p q 




b -q 



^IHKBEM 1. A iB uucjianged if to interchange rovsNrith colums* 

m ft 

aq - bp = A 

Note: All these theorems remain valid interchange the worde "rov*^, 

**column;" 

f ' 

1HM)RB4 g. If tw rows of A are interchanged, the' sign of A is changed. 



P' q 
a b 



bp - aq = -(aq - bp) = -A - / 



^ffi^®4 3. If every element of a row of A 1b .multiplied by k , tl^en so 



Is A . 



/- 



1 



ka kb 
P q 



kaq -^bp = k(aq - bp) = kA . 



'HtECHai k. IX, t!{o rows of A §re equal or proportional, then '2a = 0 . 

a b _ 
a b 





ft 

a b 




a 


• b 


f 




:^ k 








ka kb 




a 


b 



> 0 - 



TOBOKPi 5- Two detennJ^uits may be addeA if they a^ee in' all thte eloi^ntB of 
n - 1 rows. Their sum Is then a determinant vith these same n - 1 
rows; and the elements of the ranaining row are \he "sums of the cofres- 
ponding elements in the original d'eterminants. ' ' 

bp + cq - dp = (a + c)q - + d)p 



a b 
P q 



c d 

p q 



a ,+ c . b + d 

p . q' ■ 



Hifcf)REM 6- ^ A determinant is unchanged if, to the elements of any row we add 
a common nwltiple of the corresi^nding elements of another row. 

la +ikp 



b + kq 




a b 




kp kq 


. ^ = A + 0 j= A 


q 




p q 




p q 






• 






( 



]fotation >» It Is coi^vealenti for purposes of geierali nation, to use 

^ 1 



"iouBle subscript -notatlqn." 
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*b2 


* 





r - 
f 



"a^^"^ designates th^ element in rOw i" and column j . 

j^rcise. Rewlrte the ^v^fB of Theorema 1-6 ising double subscript 
notation. . ♦ , 

DEFINITION. Mnor of. \ (Notation .) Is the delfermlnant .of 

, the square 'array obtained t>y remving ftoip A all eleiaents of row 
' * I , and of colunm ^ I ve ^ometlires use tHe saM wiMito indicate 

tht value of that deteralnant, Note^ thai* A^j^ is of order n * 1 . 

m 

• Cof actor of a^^ (Not^o^ q^j) Oj^j t= ^"-^^^ ^^/ij * 
Note that c^j ^Is the sonfe as^ A^^ if the "sum of its rov and column 

nuiEbers is even ^ and o^^ is the n^ative df A^j if the stan of ^ita 
roH'and coluam nuafcers is bda. As atove, 'We use "cofactor^ to indi- 
cate the e35presSion dB veil as its value. ' . * 

Eac Qcrple 1. , >: ^ a b 

P q- 

The ffiljppr of a * is q j of p is b, - * 
The cofactor of a is q j of p is -b« . 




Exaag>le 2. , 



The minor of p is 



b c 
V . w 



'She cofactor of p is^. (-4) 



a . b c 
p q r 
V w 



, of c is 

a + 1 



The cofactor of c is^ (-1)\* 



P 1 

U V 



b c 

V • w 

p Q 

U V 



b c 

V V 

p % 

U. V 
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8' 



Th^ minor of 8 is 



3 h 

6 7 



2 3** 
5 6 71 
8 9' 10 

^ich has the v61ue 21 - 2l»- = -3 .*. 



The cofaetor of 8 1b (-1) tilnes the minor of 8 , and also haa the 

value -3. • * . • 

f 

The mlx^or of 9 Is 



^2 k 

5 7 



The coj^actor of 9 is (-1) 
value 6 . . , 



\jhich has the value ik - 20 = --6 . 
3+2 

times the minor of 9 , and has the. 



Exercise . Find the cofactors of each of the nine elements of (3) 

,above, or l^y applying Theorem 6 to wr^.te the determinant in a form sicppler to 
evaluate, thus^ ' , 

(1) Write the same second column, then add * (-2) times these elemeijta 
to the corresiK)ndlng^ei^ent of ^the third oolunm; then add (-i*) 

times these same elements: to the corresponding €lem«it of the firat 

column: , . - ; * ' ^ • 

|l( -!♦>)■+. 1*. 1 ' 3:{-j2) +.21 



( 



which yields the equal determinant 

■ « 

-13, h -7 
-io -1 

. t> 1. 0 



If ve nov evaluate by using th^ .element of the third . row, we get 

Q". 1(13 - 70) + 0 « -l(-57) = 57 



1* 


-^ 


- 1 


-13 


-7 


+ 0 


-13 


k 


3 


-1 




-10 


-1 




-10 


3 



IWiyiTIOW . The value of any determinairb is equal/ to the* sum of the ^ 
products of the elements of the first rov by their corresponding co* 
factors. Application; Cramer's Rule? ' • \^ 



= a{d j - bjc} = ad - be * 
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a b , c 
P q r 

U V V 



q^ 


r 


b 


P 


r 


i c 


p 








u 


w 




u 





B{q^ - rv) - b(p^ - ru) + c(pv - qu) , etc/ 



r : 



r 



3 '1^ 
2 3 
U 1 



notation. 



■J . 



2 5 



+ 1 



2 3, 



1 2 

3(6 - 5) - - 20) +1(2 - 12) 
= 3(1) - •l4(-l6) ^ l(-io) . * 
. 3 + 61^ - io » 57 ^-^^ * 




MAIN T^REM . The value of a determinant is equltl to the' suin of the* products* ^ 
of the elenents ^f any row by their corresponding cof actors. J. • \^ # 

The.proof of this MBin ^eorem Mist' be carried on by induction artd ia 
sufficientjy difficult to be put off to another course, but the. student ia 
urged to vrite* any third order iJetei^nant, at^ to evaluate' £t in a number 
of ways. Rote that by a 'Judicious application of the theorems above, the 
process of evaluating a d^erminant can be considerably shortened, by ob- . 
taining equivalent determinants with some zero element^. 

Sotation. From the Mal,n Theoran: . . 



J = 1 



Example . We may evaluate .the determinant of the exaii?ile above by using 
the element'*' of the second row: , ^ f • ^ ^ ^ ' 



k l] 
1 21 



+ 3 



3 1 
k 2 



.- 5 



3 M'. .2(7) 4 3(2) - 5C-13) = -1^ +. ^ + 65 = 57 

4 1 • , . * 



or of the third column; 



= 1(-10) - 5(-13) + 2(1) = -10 + 65 + 2 =• 



H^^ik 1^1^ ^^..31 

^ Exercises . [l can supply as many as we 'think necessary.] 
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Supgiement B 



FLOIf OTiUrP FOR Tto'lIHE^ X AHD Y 



Suppose we^imnt to study the possible geos^trlc relations bet 




grsi^ of tvo linear equatlpiis « 

V : a^x 4^ bj^y + « 0 

I » f 

Suppose further that v€ vstr^ the. study to cover all pairs of ordered triples 
of real nunfcers (aj^,b^,c^) and (^g^^g^^g) • If we a^ree to include &11 / 

such pairs^ the study can easily be converted %o ja coiB5)uter prc^am and the. 
coefficients tjiemselves can even be gen^ated internally inHhe coaster as a 
part dt a lacker program. ' * 

* . " * . 

If we luiow that the e^ations are not degenerate (l.e*, cither the x or 
y coefficient is different frcsn z^ro)^ each represents a line in the plane, 
I an4 these lii^M may be identical, parallel or intersecting. Waat we want t% 
constarudt is an oV^^ered s^t of questions we can asK about the coefficients of 
L- i^airi" L« ^ich will distinguish for us fiow the gr^hs would have looked if 

we hadvd^aKi them* Our questions imist be phrase^ in such a way that ^jach 
answer w^m be either "yes*^ or "no. ^* f ' 

Of pJurse iBfimy different patterns of questloAa kre possible. In general 
we want the pattern to branch lik^ a tree with each iquestion so ibhat if an 
answer is •"yes"/ the aticc^ing path will be different lihan it would have been 
had the aHflfcex' been "no. " ^At the end of each path will be a measSge stating 
the correc* geometric Configuration for the ^air of equations with irtiich we 
started* IJils type of pattern ,is oft^ ^led a flow chart and is a useful 
tool^ in cOT5>uter programming* If you think a little you^wiU see. tha-fe th# 
well knptm game of Tw|nty Questions uses a ^nd of oral flow chart to solve 
the ptbbifcffl "l*at 'am I thinking of?" * 



« * f 



Let us consider the first- questioa in our series should^ be. If at 

^least one of the given equations is degenerate, ,th^ ^ do not >really have 
two lines to stfidy. .We want to deslgp our, i»ttem to ch&nnel.such equations 



aside. * Accordingly the first question milfe ^e 




j^J .1 : ^ _ 



\ 



0 or 



If the^aasVer itf "ytsj^, then, we know that either, |a^l* + |bj 
la^l. f J]32i ^ ^ /^^^ Other words at least one equation ^Is not reilly linear. 

J^e pl^e;.the mesSa^^"Degen|i^t^ equation" and end this path. ,tf 'the answer 
^ -'to the queltion was ''"no">^ Ve are assured of two linear equations. What shall' 
we ask riexfc^ 1 A* possll]g.f second question is * . 



Notice that this time we ask whether a certain expression is different from 
zero. Of tie answer is "yes", then we know the lines L, and intersect 

in a point. We write a message to this.. effect and close the path.* ^tf the 
answer tp the ^fecondf que|tidn is "no", then the^ liwo lines'must he either, 
parallel or coincident. We ne^d a. third question which 'will distinguish he- 



tw^en thes^ two cc^ee. jOne such question is 



} 



1b 



1^2 



An answer of ^^yes^^ 


• 

J 

guarantees l^hat 


^ ^1 


= 0 


and 


\ 


=1 


= 0 : 






4 








^2 








Therefol'e we have 


a pg^ir of coijicident lines. 


An 


answer 


of 


"bo" 


in a similar 





way insures that and L^^ are parallel. 



Let us repeat these- three questions together with the message patte: 
we have indicated. " ' * . , 
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. • » Chesjter III * ' . < - ^ ' 

. • , . ' ' '/"'•'•'* • • . 

' ' * . * Supplement p •'» • 

. . . ' SgAHte WIIH'*W)»--UHi^ta SCALES • , . 

In practice, it 4s, sometlines ti«J€ssaJV'^ T<x,y) .in a 

system, of reference ift wfaieb t|ie axes*are perpen4i?cular *to each other, but a 
different' unit ^1*8 used on eacii axl,B.' F«3r dxas^e, i& the rafcge of a fupction 
is \^ laiB^'conpared to the a^n, ' any' unit 'stoall en^ to- allow the range 
to' be graphed on % piece* of paper- ^11/ congjress th** domain tOQ ipich to be 
helpful. We can study many pitypertleev of suci a.fEraiaj^*but we mat beijaareful 
- nwer to read sltSpes it vithout taking j£e difference of sceae i^ " 

' account. ♦ * . » 

.Other interesti/ig vtoiktions of graphi^- f(x,K) " using' perpendicular 
. aies are s aai -logarithmic £da Itwithnri-c "graggbs which prpvfe tp be helpful i» 
applications of. math^ticB to biololiy, |corfcmiica,.^d b^^ 

especially where growth is involved^ As% exdraple, let us look at the «r«ph 
of y = e* first in regular rectshgulsr and then In'sejni nlogarithJHic 'coordi- 
nates. - > - * ■ \ • * 





Graph (a) la the familiar exponential function studied in Intermediate Math^ 
mtics. ' If * y = e* , then x ifT .the natural logarithm of y^^r x = log y . 
Clearly there is a linear relation, not between .x ana y , but Between x 
and log y . If we treat x as usual, and graph not y but log y on the 
vertical axis, Ve do Indeed have a straight line. (See graph' b .) ' This is 
called a semi-logarithmic graph because ^ne of the Ws measuires iSie logarithm 
of a variable, rather than the variable itself. 



1*51 



ir 



If wfe go one s^ep furthei* arid^plot the logaritlim of' x on one axis and ^ 
the logarithm qfj y (to the same jDase) q»' the other tixis^ vei^Jxa^^ a logarithm • 
mic ^raph. Thia type is us^^xteftaiyely ^in finding equations to fit experi- 
mental data irfhen tjiere is reasorf to believe the rela€ion6hip is of the form 

y'- / Taking the logarithm tif each si we have , _ 

y = k log X . ^ ' ' , . / ' , ' 

If we graph 6ur exponential data by measuring log y on one scale and log 

on the other, we should be able to fit a straight line to 'the data,- and 

determln'e >k as the slope *of the line^ , ' 

\ ^ 
As a matter of fact, if a scientist suspects his data coulS be described 

X ' ' a ' ' '* ^ 

by either y = a or y = x , he can plot the data usiflg semi-logarithmic ' 

and full logarithifllc coordinates. If either graph appears -to be 5 straight 

line, his pMblem is solved. If the semi -logarithmic graph is a sti^alght line, 

then log y = (log a)x. , the slope is the logarithm of .the base a , and the 



data is related by y = a 



If the doubJ_e logarithmic s 



jla^l^ 



yields a straight 



line, then the slope, a , detennines the exponent in the equation y = x' 



which relates the data. 



Problem , Suppose you have experimentally detfermined the following data 
and want to discover the mathematical relation between x and y . 



3-61 



6.20 



12*9 



■11.6 



30.9 



21, if 



72.9 



Suppose, , further, you guess that y is either- an exponential function in- 
volving X or that it is a power function of x • ^ 



Solution, Using common logarithms we fill out a table and plot the 
ordered pairs (x,log y) on one ^graph ' and (log x, log y) on a second. Tten 

we study the points and if either graph Is approximately a stralgTit line, we 

measure its slope. Finally we use this to express the relation Ij^etween x 



and y 



X 


2.50 


6.20 


11.6 


21. k 




.398 


■ f 

.792 


1.06 " 


' 1.33 


- y 

* 


3.61 


12, g 


30.9 


72.9 


log y. 


.557 


1.09 


1.^9 


1.86 
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Ay 

We first grapb seems to be linear and^ its slope ^ Is approximately 



^ \A . ' Thei^fore, log y = l.h log x or y = x*^**^ is the relation we 
are seeking* 
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Supplement to CThapter 2 . ' * , . 

' ^ " /'cidfennrATBs and the like 

■ * 

S2-1.' . * -* . " 

From the postulates of geometry ve deduced i'ls^iately tKat,any point f 
a line may be chosoi as the origin for^a coordinate systeto airf tfeat the pc^i* 
tlve coordinates may be assigned tb the interior* points of .eitber ray derter- 
mlned by the origin. However, imour 'aevelopment of the SMSG Geometry there ^ 
need be no mention of u^ts, In terms of which th^ measurement^ aue mad^; 
the ^ti^e developi^t depends upon- one intrinsic scale of measure. For thie 
reeison we shall describe such coordinate syst^ as intrinsic coordinate 
systems . If would be very convenient to be free to choose coordinate system 
with different scales of measure. It is easy to show that we have this 
freedom. ' ' 

Th^ coordinate system is an iumsual type of function whose dcnriiain is the 
iset of 'points on the line *and whose range i^ the set df real numbers. I^t 
denote this function by f, whose^ value at eaeh pAnt X is the number 
f (X) = X. " Let us consider a linear function, on the r^al numbers, ^ 

defined by the equation =^g(x) =: ax + b, where s^ is anjr non zero real 
ntunber ai^ b is any real number. The coBg)osite function ^rtiich assigns to 
each point X the number g(f (X)) is aldo a one-to-one correspondence betweea 
the points of the line and the real numbers. We shall ^escril^ such corre- 
spondences as lineefr coordinate systems . >fe shall con1|inue to ^scril^ th^ 
numbed which corresponds to a point as the coordinate of the lK)int, since this 
phrase has meaning only wl'tti reference to a particular coordinate system. 
shall denote the conqposite function of f by g as g(f ) • 

We shall consider the description of the geometri^ properties of the 
< line in terms of such a 116ear coordinate system. Is there anything in a . . 
linear coordinate system qansi»rable to the nieasure of distance between two 
points,' .B and ,p , whose coordinates in an intrinsic coordinate system on 
the line are 'r and s respectively! The new coordinates r' and 8» ^ 

of R and S respectively, are related by the^ equations 
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We discover that 



b: 



[far + 



•|-» |(ar + b) - (as + 6) 



lar - as I 



Unless |a| = 1 , |r* - b'| jTs not eq^Ll*to |r - , tlje measure of" ^"^ 
^diBtance In the intrinsic coordinate ^atas.' However, ve do tiota that in the . 
linear cooisitnate SyBt^,. related^ to the intrinsic coardlijate system* by the 
equation =2 ax + b , tbe eumber |r' - 's' | is a Constant matl^L of j 
|r - s| , the constant being iiKlependent of iihe choice o*f points. 

We recall that the. length of a' segment fms defined to^l?e the jne^sure of 

^ ^ ■ • . ■ ' 

distance between its endgoints and* that congruent segments wfere defined as 

^segmwts havinfe^^e ^axBe lengtti. Hms the statement M « ^ , is equiv^ent 

to the statosent, Pi - # I ^ - u| / vhere r ^ ^ , t , and u are 

intrinsic coordinates ^f R , S , ly, and U fespectiveiy. ' 



i 

respecxivejy. 

If ' . (r ^ s| = |t -M| 

then * |a| • +T - si = |a| • |t -ui , \^ 

' |ar - as| = |at - au| , ' , • 

and ' Kar + b) - (as + b){ = |(at + b) - (au + b')| , 
or |r* s' I = ]t» - u'l , where r' , s'» , t' , and u' 

are ccxJixJinates in aiy linear coordinate'' system. Thus the coifflition defining 
congruence for seSn^nts applies in ai^y linear coordinate system* ^ 

The student should think through all the details of the' argument that 
any linear* cCH^rdlnate system is a one-to-one correspondence between^the points 
of the line^and tlie real numbers. Let f be an intrinsic coordinate sysl^^ 
on a line L and let X by any point of L . Then f(x) is a unique real 
number and so is g(f(*X)) = af(X) + b . to far we have not used the assumption 
that a j^'O . ^Nov let r be a real number. SincV,^a ^ 0 , there is a unique 
number sucl^ that ax^ 4; b r Since the original c<^rdinate system Is 

a^ one-to-one corres^ndence between the points of L <and^*the real numbfers, 
there is a unique point such that fCX^) , Hence there is a unique 

point 5Cp on L suqh that g(f(XQ)) g( x^) = aa^ + b = r . 

X. 

t 
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K3ceag)le ^ Let T , £1 , ,R^, and S be four iwlrrtjp on a line with, Intrinsic 
coorainates '2 , 5^, 8 / and U respectively. Since' l2'-,5| «='|8 - ll| 

15 , and. 21 respectively. Since '|3 - 9 1 = 'Jl5 - 2l| , t>ie congruence of 
p5 and rS is similarly described in terajs of ^the nev coordinates. 



?CJ p RS . Let a linpa^ coordinate pysjian be defined by the eqtmtion ' ^ 
m 2x ^4 M - Then the^ev coordinates -of^ P , ^ , R , and S are 3^9^ 



le other geometriq* piroperty described in tenns.of intrinsic coordinate 
systems on a line, is iJetweenness on^tKe line. - We recBLLl that tiie point Sf is^ 

bel?ween- R .ecnd T if and only If r < s < t or r > s > t , vrtierd r , s 

• ' ^ ' ** 

and t. are the coordinates of .'R , S , and respectively. We dbserYi-that 

. ^ ' ' < . ' '« 'f . 

' < r < s < t 

thei? ^ ar <.aB < ,eir if a , ^ ar > as > -?^^^"^^Hf < 0 




and ar /4- b <^ + D <f at + b if 



■.Hp 

> 0 W 



or • ar + b > ap + b > at + b^^ if a < 0 , . 

, f ♦ ^ * • . 

- . * ft 

The members of these inequalities- are precisely^the coordinates r*' , s* , 

^d t« V '^^^'^ would be assigned to the points R , S , apd 1? by^a linear 

2pordinate sys^^^defined by a linear equation x' = ax + b • Thus the last 

tw ll^es of the above develo]^nt Voy be replaced by ' 1 ^ 

^ r» < s» '< t» if a > 0 ^ or r* 8« > t» if a < 0 . 

A similar argument obtains if r > s > t . In all cases the condition 
describing b^tweenness on a line holrfb if r , s , and t are ;replaced by 
^the corresponding coordinates in any linear coordinate system. 

The geometric properties of Congruence §cx segments', ^d betweenness on 
a line are described in ^actly the same way in terms of linear coordinate 
systems as in the intrinsic coordinate systems. We summarize ^these results 
fr^m 14ie preceding two paragraphs as follows . ^ ^ 

Any intrinsic' coordinate system will not be changed under coii5>osition 
with the trivial linear function defined by the equation, x* = x , and 
consequently is included among the linear coordinate systems on the line, 
^ese are the coordinate systenis ^ichrare of use and interest' to us. 
Henceforth, we shall usually consider only linear coordinate systems; where 
there- is ik) chance of ambiguity we shall call these systems coordinate 
s ystems* . 



^roEOHBl 82-1 .' l#^^a^.coordlnate system on a line aspigiis the coordinates r , 
s , and t ' to the points H , S , ana T *^ theai S is betv^to B 
and T if and only , i^ x- < a <5 t or r > s > t . . . ' 

fflSORSi 32-& > Let P aod^-Q be a«y ' t^io distinct points on a line. In a • 
coordinate) system C on l^^line, the coordinates .x)f P ai& Q are 
p niOji q respect! veOy* Let r and s be axsy two distinct real 
muabers . ' ' Eien there exists a *toordlnatfe syston C on the line* in 
r ' • vhich thp ooor^nates of JP aiyi Q ^pre r and s "respectively. 

• , ' , - ' ^ . . ^ ^ ^ 

4 . . We sfiEtfi id' discover ^Aether ^li^re exists a l^-near Yu^ctlon wWch 

^' relates C« tai C by. cpa^gpositi^Sn* If th^ i§ such a functio'n, thire exislfe 
an' equation ^/x' S ax + b defining the function. The follotrlzag e4uation8 
would have to be satisfied.. * — ' 



(1> 

^' eiKi s = aq + b p 

Coinb^ning equations , ve obtciin 

r - s ==: a(p - q) 
r - s 



• 



or 



P 



Substituting in Equation (l). we obt€LLn * 

r 



or 



b = r . - 

_ pr - qr - pr -f ps 
p - q 

ps -' qr 
~ p - q 



The solution set for a and * b of this p^r of equations is 

, ^ * cewrdinate systpn C formed by the conqxDsition ^ 



''p - q 

of C tftr the linear function defined by 



T 



p - q p - q 




. doea satisfy, the conciusipn of the thedrea. Since p ^ % , this ^uatlon, 
. and conse^entl^ the coordinat^/^steia C , is alTOya* d^ined. '^^ ^ * 
coordinates of P and Q are gtt&a r<jspec%ively hy ^ ' * ; , ^ 

* Vp - p)- 4 p. - «i ; , 

find ' 

In fact, the coordinate system C» Is unique, though ve have not prov^it 

* Ctorolleiry 82*2-1. If P and Q are any two ^stinct points on a line 
vlth coordinates p and q respectively in a CMrdinate syst^ C , th§n 
the coordlna:te systeni which is relajted to C hy the ^ihear equation^ 

• ' 1 ' ' P ' ^ 

q - p q - P . 

assigns the coordinatea 0 and 1 to the points P and Q resj^ctively . 
It i^ sometimes convenient in late^r compu-tations^.to write this resxilt in the 

form X* = ? • - ^ ^ 



In order to mke intuitively npre clear the role ^^layed by the constants 
a and b in the introduction of a new coordinate systemi we consider what 
new coordinates are assigned to the origin and to the unit-point under^^ 
composition by the linear -function defined by the equation = ax 4- b . 



A ' • B O U 
C < 1 1 ' • : 7 ^ 

.1 2^ 0 * 1 

^ a 



pf. ^ 



A B 0 V 
■ ■ ■ " ' — — — <- 



1 ^ ^ a + b 



• Figure 82-1 
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The p<]dht vhich vas tl^^ origifa ndV has ,ccx5rdlnate b , , d(0,U) / 
vhich was 1 is jatk |a£ . /^\is the lyrle of b $io shift the ori^n,' 



jaii .y^iis the ?ale of 
and one jole of a pe to Itlcrease or decrectde thejscale of distance. 



t| < 1 , the 



If |aj > 1 , we sQjf the new system is scg^6* *decr<»A«1 tig i if 

new^ system is scale^iiicreaflii^g gs It \a\ ,o 1 the- new system iff seale « 

pjregervlng . We observe that if A> 0 and the original ^pordinates p and 

q "of two distinct points* are xlnequ€LL^ln the order p < q , then'tjtie rjew 

coordinates p* and* q*/ are uneqiKa in' the order pV< q' , irtiile if 

■ • ' • , 

a < 0 and p < q , then p* and^ q* are imequaj. in the order V 

q* < p* . for thesfe reasons say that the new ■sygtem^B oi^er - preservlng 

if a > 0 and order-reWysiog if a < Q . , - 



.Zeroises S2-la 



Let P , ^ , aad^;^ be points on a line with coordinates -5,3, and. 7 
respectively. In Frobloos 1-6 find the coordinates of these points In 
the system given by coinifflsition of the original ^stem by the linear function 
defined by the given equation. Is the new system 8cale-<-increasing, scale- . 
decx^easlngj or scale-pi^eserving? Is it order-preserving or order-reversing^ 



1. 

a. 

3- 
7. 



x» = -X + 3 
x» « + i|- 



X.' = -3x 



£x +1 
3 3 



.1 ^ 



- X + 7 



For the systems described in Probleans 1 - 6' , find the coordinates of 
the points which were the origins and unit-points In the original eJystem. 



. 8. Find the original coordinates of the points which bewme the origin and 
unit-point of the systems described irx Problems 1 - 6 - 

9; The' equation - ax -f b defining the linear function which relates 
coordinate systems was subject t© the condition s. ^ 0 . Why? 
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Ve have not considered case ^ i^fch ve eis^lo^ a non-U^oar e<3viamQb 
to aeflne a nev coordinate^ q^stem on a line, but it is interesting to do soi^ 
In Pi4bl0«© icr- ISL^e niXeli defining several functions of othM^ types btj 
given. Examine thp cbwdineCte eyataa obtained by the con^josition qf atw^ 
intrinsic cioordin^te, system and the function definet^ by the given equation. 
Ebes the toor^nate systCTi Still describe 'betweenness on the line? Ibes it"^ 
' describe lixe congruent segiaenlfs of the line adequately? - ' , 

10. x«=ax3, fb ' , ' . ' ^ v"' 



12. 



:* a i vhere^ x fo » 

> 

[' = X where x - 0 



' 13 . = log^QX • * 



An inrportarit mathematical structxxre ;Aich you mdir have encountered only 
briefly is the group. A group Is a sit of elenffints with a binary 
operation which has the following properties: 

Let S denote the l^t, a , b , and c , any elements of S , and o . 
the binary operation. 

(1) (Closure) *aob is a uiiiq:ue element of & 

(2) (Aseociaiivi^) (a o^b) o c = a o (b o c) , ^ 

(3) " (Identity) . S contains an element e such that 

a "o e = e o a = a 

{k) (inveirse) For dach a there exists aV such that 

ao a*. = a* o a ^= e . 

^An element e "described in i§J Is called an identity and an eleicent a' 
described in ^) is called an inv^tse of a . r- 

Some familiar e3cainpies of groujjs are^the integers, the rationeil numbers, 
pr the real numbers with addition as the operation. Other exanisles are the 
non-zero rational numbers or non-^ero real numbers with multipllcatioir as 
the operation. \ . * 

he% us consider -^e set whose elements are the functions whose domains' 
are the set of real numbers and which are defined by the equations 
f{x) as ax + b vdiere a is any non-zero real number and b is aiay real nuBiber, 
This set of functions forms a grot^) imder the binary operation of coa^josition. 



t 



\fe shall prove thSat the id^tlty ^snd inverse proper^es are'^atisfied,^ 
bA ve leave the discussion of the closure dnd associa-U.^ properties as 
exercises, . ^ p^. • 

If the set contains an identity, it must be a? function defined by a 

^ * a ^ . 

linear equation g(x) = eif + t • If this fj^tion-is an identity", it must 

satisfy the* Jollowing giguatlon: f * " ^ 

. fUU)) - g(f(x)) = f(x) : , \ . 

' This becomes ' a(ax + t) + b = s(ax +b)+t = a^+b \ 
or asx + Si +lp = sax + sb + t = M: + b, - 

^^^^J^JThis wiOl be true if * ^ 

asx = sax = ax , and^ 

(2) at + b = sb + t = b ^ 

Since a 0 , Equation (l) will be true only if s = 1 . Elation i2)^thus 
becomes ' V * 

. , • at + b = b + t = b • 

Thig. equality in^jlies that t'= 0 . Thus, the deslild function 
g(x) = 8X + t = X . Thereas'only one function of this form. It is in the 
set, and it can be seen that it is an identity. • 

How we want to find inverses. If an element, f(x) = ax + b , of the 
set has an inverse, it must be a function defined by a linear equation 
g(x) = sx + t . If this function is the inverse of f(x) , it must satisfy 

^ ' f(g{x)) = g(f{x)) = X . 

ThLs becomes ' a(sx -f ^t) + b = s(ax + b) + t ;= x 

or asx + at- + b sax + sb + t = x . 

This will be true if 

(3) ' asx = sax = x , and 

t 

V 

(^) * at + b = sti + t 0 • 

Since, a / 0 , auction (3) will be true if ^ = ^ • Equation (14-) becomes 

at + b = (i) • b + t = 0 , 



T 



i 



• / 

at + b = • b + t = 0 , # 
j vhich is true if . t = ^ ^ 'which %b dpflned since & f Q . 



n 

h62 



4' 



• . • 



o • / . « < ^ 

; •• -J^tOie aai^red^^ g(x) = sx + t « y ^T- • Tiete is only one 
ftmSlPiof tHs ^forfi. rt ls-4n set, anETlt cap readily 1^ sh(j*m ^to"\)e 
,aa invferse ofy^f(x)^. 3ii^Slll|J lae^atities an! liverses to afigys u0iqiie,i 
but wa leav€M3iese questions as ex^(3-Sfts« - ^ ^ 



eration dlscrlbed above na-* 



1. aUtow that "the qet aiid blnaiy operation alscrlbed above ftave ^the clo'sufe 

y^w, ■ ; ' ^ • ^. y . ^ /• . . 

^« Show that the. set ebd binazy "gyration* described eiiov^e iiaxe the ' ^ 

as&ociative property. / ^ ' ' » 
3.^ Show that tl^e set and bin^ iiperatl on. described^ abova»^yK>t have the 

connnuta^ve ^^pertyl • 

Show that m any ^up the idaatity is unique. - ^ . ' . ^ 

5. Show that in aiiy -group the inverse of iny 'giv^ element is unique. 
' 6. Show -that in amr-^roup'the inverse «f the iSentitgr is the identity. 



7- Let f(x) = 8X5+ b and ^(x) = px + q . denote the Ip-rersa of 

f(x) by rtx)'. Find ' v * / - ^ 

(a) f ^x)) ^ (g). g'^CxJ 

(b) f(gCx)) ' (») f'\s'Hx^ ' 

(c) .g(f(xj) a) s:^{f-'(x)) • • 

(a) g(g(x)) ^ * (55 ^the iiverse of fCg(x)) 

' w (e) f(f(f(x))) # .* (10 g(f^(x)) 

(f) 'g(glg(x))) '(i*) f(s"^(x)) ^ ' * 

Fina the function (or functions) h(x) such that 

h(h(x)) = f(x) = ax b . 
Discuss the possibility and niimber of solutions for h(x) '. 
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S2-2« Migplogs ' and Lln^g Trmef on»tlona # t - 

A function vboae domain is a set A and idioee range is a set B (vMch 
.may be the. soiae as A )^is frequently called a faapping ^ An element of ' idie * 
range which cSorrepponds to a given e/lement o« the domain is said to'T)e the 
imge of that elemenf. /ltx element of tile doi^n ^|j.ch corresponds to, or^B*\ 
mapped ontq^ a given element of the range is calleff a pre^im^e -of that , 
elensent. * - ' 



» In describing a mapping the seoond set mentioned ijay not alvays be*^b^^ 
r€U3ge of -the function, but it always contains Hhe range- If it-is -Ehe raijge, 
the mappinfe le said to be onto the second set. If the taage of the function 
is a proper wibset 'of th? second set, the ifiappijig is said to be into th^ 
second set. A maH^-ng is also called a transformation^ especieLLly \^en, it;ls 
a mapping ftrom a set of geon^tric entities into a set of geon^tric entities. 
The set of images cofS||^ponding to the, elements of a given set in 'the domain, 
is called the image set the set QfLj?re-lmages corresponding to^the elements 
of a given set in the^range is called the pre - ^ i mage set. ^ ' 

The mappings vdiich ve consider in this section are*»one-to^ne transfer- ^ 
mations of a line onto itself . We consider this line to have a fixed • 
coordinate syston. We need such a coordinate system to describe thfe 
tran6formation. We shall consider fo\ir types of transformations; treuislations 
reflections, expansions, a^td contractions. 

Intuitively, ve may think of a ,tran6lation as a shifting of the line 
along itself. A reflection is a half -rotation of the line about the origip. 
Exp€Uisions and ^bntractions are uniform stretching from and shrinking tovard 
the origin. We nmy describe these more explicitly. 

" laifrlMiailOHS . Let i be a line with a coordinate system; let 
P be a point on the line with coordinate p ; let the point 
P' .with coordinate p* be the im^e of P under a transfor- 
mation of the line i pnto itself • 

A transformation T(P) - P* is a translation if and only if 
there exists a real nteber b such that for every point "P , 

p» = p -I- b • ^ r 

' A transforma-tion R(P) = P* is a reflection If and only if 
for every point P , p* = -p . . ' 
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A transformation E(?) » P' is an eac^msibn if and only if 
there exists a real ntmiber a > 2 such that for every point 
P , p« a ap . 

•A'transfoimtlon C(P) ?• is a contraction if and only if ♦ 
there exists a positive real niimber a < 1 such that for 
every point P , p* ap" . 

It should be intxiitively eg^iarent that in aiy of the above transfor-^^ 
nations an image is between two other images if and only if its pre-imsi^ 
is "between the pre-images of the other *tito images. Therefor*, the image set 
o/ a segment is also a segiqpnt. It shoiad also be apijarent that in a trans- 
lation or a reflection, image segoaehts are congruent if and only if the^pire- 
image segm^ts are congruent. It nffi^y or may nqt be clear that this is also 
the case in an expansion or contraction. We Vonsider tw congruent sego^ts 
55 and M * Their congruence depends upon the equalily of Jp - q| and 
|r - s| The congnience of the image segirents' depends upon the equfeUty of 
(p» - q»| and |r* - s» | Olies^ may be expressed as - aq| =^|P ^ ^\ 

and jajT - as| =.ajr - s| . These latter numbers are Certainly equaf if the 
original segments were congruent* Thus, the image aegments ^f congruent 
^segments ebre alisto congruent. / ^ 

We continue our^develojHnent considering coirfpositions of these 
transforations, A reflection maps a point X onto a point vhose coordinate 
is -X ; a translation yLH now .ma^ the new point onto a point whose 
coordinate is -x > b . An''' Scpan8^,on maps a point X onto a point with 
coordipate ax j a translation now ma^s this nev point onto a point vhose 
coordinate is ax + b # , . \ ^ 

* &ich a sequence of transforations my be IMicated in a diagnms 



B 0 U P Q — , ^ 








- 0{ ll2\3\ 
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ax + b 
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It Bhould be understood |±l'at^ I5 , L* ^ and L" are the same line, drawn in 
separate positions to &hc^ t^e transformations clearly* is the result of 

an expansion transformtlon of t., with the equation x' = ax , (a > l)^ j 
L** is the result of a translation transformtion of L* , with '-toe Equation 
x" = jc' ; fin€LLly, L" can be cbnsfdered as -Uie" result -of a composition 
of two transformations of L ^ with the equation x" = ax + b . 

We consider the suctess^ive application or composition of two of these 
transfoimations ai^ display; the results by means of the table below. Vfe 
eflsploy the notation used in the definitions given above. The labels at the 
top indicate which transformation is performed first; the labels on the left 
indlckte ^ch transformation is jjerformed second, de entry is the 
coordinate of the image of a point X , subject to the restrictions of the 
given transfonnations. The subscripts of the constants indicate which 
transformation introduced them* ^-v- . 



4 

^ ^ 


T 


E 


E (a^ > 1) 


d^(0 < < 1) 


T 


X + + bg 


-x + 


a^x + bg 


a^x + bg 


R 


-x-b^ 




^a^x 


:v 


E (ag > 1) • 






a^^agX 


a^agx 


C (0 < 82 < 1) 

• 'H ' 


* 




a^a^x 





We sunmm^ze by observing that these transforations and the transfor-' 
nations that may be obtained from by composition may be included in the 

set of transfomaMons defined as follows: 

DaF^IlfXTlON > Let £ be a'^line with a coordinate systeili; let P 

be a point on the line with coordinate p ; let the jtoint P' 

with coordinate p* be the image of P under a transformation 

of the line i ^ onto itself. ^ - ^ . y 



A transformation T(p) = P' is a linear transformation if and 
only if there exist a non-ze^p ^al number a and a real 
number b such that ^or every point P^, p* = ap + b . 
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lie call th^tie m&pplnfiB linear ti^uasfbrxnations because the denning 
. equations are lin^ir. , \ ^ 

If this ai^ument has m>t begun to soxmd familiar, you should go^bao^ to • 
Section 2-1. . ^ 

Oaie set of linear transformations of a line onto itself under the 
binaiy operation .of coiqposition is another instance of a group. J( 

» * 

, . ; , Bcerclses S2-2a . *^ 

In the following exercises, you nay find that the form of the proofs you are 
asked to give are remarkably similar, if not identical,.- to those in 
• Sectiii>n 2-1. Biey are different only in interpretation and termirwloar. 
1. Prove that if Q is between P and E , then In a linear tj»nsfor- 
mation of PR onto itself, the image of Q is between the' images of 
" . P and R . ' ^ , ' 

m 

9 2. Prove that if and ^ are congruent segments contained in aline, 

then in a linear transformation of the Une onto itself fW - ^'s'" , 
where P' , Q' * R' t ^ S' are" the images of I*, Q , R , aM S 
respectively. ^ . 

3. Prove that the set of linear transfonaations of a line onto itself is 

closted under cougxDsition. it • 

\. ^ve that the operation of coi^sition is associative fdr.^Unear 
transfomffiitions of a line onto itself. , ^ 

5 . Prove that the set of linear transformtions of a Une onto itself 

- ■ ^ ■ 

contains an identity with respect to ccwBposition. 

6. Prove that each elenient of the ^et of Unear transformations of a Une 
onto itself haa an inverse wi1^*respect/to conrpoeition. 

7. Prove that the .composition of linear transformations of a line onto 
itself is not commutativ^. qomposition is comnrutative if certain 
restrictions are placed on the linear transformations. Wiat are these 



restrictionsf . ' 



8. Prove that any linear transforniation may be^expressed as the con^oslte 
of not more than three triuasformations each of ^ch is a translation, 

a reflection, a contraction, .or an expansion. 

* ■ • f 
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Although there is no unique way of "factoring" .a linear tr^tnsfonnation 
in the way sxiggested above, it may be that for ^a given transfonmtion 
every such expression xnust include a translation, a reflection, an 
expansion, or a contraction. In this case i^ 'eijall say that the linfar 
trknsforBjation irfcludes a translation, reflection, or expansion* 



We have discovered toat the linelar transformations of a line onto itself 
under the binary operation of con^x^sltlon form a grouR \rtiich seems similar to. 
the group of linear functions which describe changes of coordinate system on 
a line under the binaiy op^ation of coii5x>sltion. / 

This kind of similarity is of some importance in mathematics* and is 
called an isomorphism (from the Greek, laoy, meaning same, and fJop^fi , 
meaning f^fha). An Isomoj^^dilsm is a one-to-one correspondence between twc^ • 
mathematical structuri^s ^ch relates not only the elemeftts of the structures 
but also the operations between the elements. A familiar example is found in 
the relationship between the multiplication of positive real numbers and the 
addition of their logarithms- Another exan5)le is found in the relationship 
between the addition of vectors and the addition of complex nuinberp. The 
importance of isomorphisms stems from the fact that statements made about 
one structure ^lay suggest corresponding statements about the -other. 

In fells case the isonK^rphism is between the group of linear transfor- 
mations of the line onto itself under composition and the group of changes of 
coordinate system on the line under con^sitlon. The correspondence is / 
established by identical linear functions >^ich occur in the definition of 
each group. Since our descriptions of each group are in term& of -linear 
functions defined by eqilations of the form = a:«? + b , we may mal^T^**"^^ • . 
coarparisons of dur descriptions when the conditions on a and b are the 
same. 

A change of coordinate system T^ich shifts the origin correspcTnds to a 
linear transformation which includes a transLaition. A change of coordin§ite 
system which is measure -pre serving correspondls to a linear transformation 
which includes only a translation or a reflection, A change of coordinate 
system which is measure -increasing corresponds to a linear trans formdtion^ 
wiich includes a contraction, and a change of coordinate system ^ich is ^' M 
measure-decreasing corresponds^ to a linear transformation which includes an'''' 



468 



ERIC V ' • ^ 

famimniiimiiiiniiiiia ^ • , ^ ^ 



expansion. A change of coordinate . ^tem vhich is order-preserving correspond 
to a linear transforiBation vhich does not include a reflection; and a change 
of coordinate system \Aiich j^s order-reversing corresponds to a -linear transfor 
matlon 'wtolch incli;des a reflection. 

J^stlx^ ve consider Aether a joint laay be^ assigned the same coordinate 
after a change of coordinate system. The coniE^irable sitiwtion for a 
transformation is that a point is mapped onto itself. In either case, where 
X* = ax + b , the situation occurs if x* x . 

If ' X* = X . ' ^ 

then . X* ^ ax + b 

becomes ' \ > x ax + b 

or (a - l)x = -b . 

If a H 1 and b = 0 , we have the identical ccK)r^inate system (or the~ 
identity transformation) in irtiich all coordinates (or points) are unchanged; 
if a = 1 and b / 0 , there is no coordinate (or point) which i s /uncStianged . 

If a / 1 , the cooDTdinate (or point with coordinate) , is unchanged. 

It is customary to say that such numbers or points are fixed or invariant . ^ 

' " Exercises S2-2b 



"8 



i»..--^t>rove that a change of coi>Winate syptem is order-preserving i,f and 

only if " is positive, where r* and are the n^ 

r s * 

* 

coordinates of points' whose original coordinates were r and s 
respectively; prove that a change of coordinate systenris order- 

r* - s* 

reversing if and. only if -y^ ^ is negative. 

2, Consider a linear transformation ^f a line onto its«f >^ch maps the 
points B and S , whose coordinates ar^ 'r and s respectively, onto 
the points whose coordinates are r* and's* respectively. Prove 
,tl4it the transformation ^includes: 

r' - 6* 

(a) a contraction if and only if 0 < ^ ^ < 1. 



- s'^ 

(b) a extraction and a reflec4jion if ai^ only if --1 < ^ ^ ^ < 0 



U69 



(c) An expansion if and only i^ - j ^ ^ - > 1 

(d) an expansion and a reflection if and only if ^ " f' < -f • 

Consider a linear transformation of a line onto Itself vhich maps the 

points P and Q , ^o6e coordLLnates are p and q respectively, . qnto 

the points vhose coordinates are p^ and tj* respectively. Prove that 

^ 

the treonsfonnation includes: f ? 

(a) a translation if and only if ^ =1 \ ^' - 

P " q - 

(b) a reflection if and only if - -1 . 

P - q 

Sjxov that the intrinsic coordinate systems ^n a line are identical to the 
linear^ coordine^te systans vhose defining functions have the form 
'xV = X + b and = -x + b , i^ere b Is any real number. 

Consider a linej wlth a coordinate system, let P be a point of the liq^ 
and let . I(P) = P* be the image of P under a transformation of the 
Une onto Itself; let p and p' be the . coordinaies of P and P* 
respectively. 

Consider the transformation defined by 

I(P) = P» where p* = i for p 0 , and p* = p for p = 0 . 

/ '^ ^ . . 

Chodse an appropriate scale and HSgJce a graph for the coordinate system; 
write the^ coordinates of several? 'l-Bjages below. Write the coordj^riates 
of their corresponding pre-image^'^above them.. A transformation pf this 
type^is called an inversion of the line. 

Consider the composition f{g(H)) of transfonsatlons of a line to ^ 
itself", where W , Y , Z are points of the line with coordinates 
. w , x , y , and z respectively, and ^ 

F(Y) = Z where z = i for .y / Q , and z y for y = 0 , ' 

G<X) ^ Y y = x + 1 , and 

} > 

p ■ H(W) = X where x = e'^s^^ ' 

(a) Describe the set of pre-tilkges/ or domain, and the set of images, 
or range, of the composite transformation^ in terms of the 
coordinate system on the line. Is 'tiiis transformation into or onto 
the line? Is this a ohe-to-one mapping? 
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(b) Choose an apprapri^g ' scajLe for tke coordinate system aafl laake a 
graph of the set of fsages pf tMs composite transfomation. Write 
' the eoox^nates of sev«»a inages below them. Write the coprdinates 
of their corresponaing ^s^iiages alxjve than. 
(q) Thd sets are i^'S^-to have 6 ^ ' cardinal number or ^ seme 
' cardinality if Weir element ma^ P^t in one-to-one corre- 
spondence. What can you say ^ui^^e cardinality of the interior 



of a segment of a linet 



Consider the con^wsition d(e(F)) of lafe factions ^se domains are 
the set of 'recLl nladDers, vhere ^ • ,.; " \ 



4 



7 y ^ °. 

y for y = 0 



2 » p(y) 

y =» E(x) = X + 1 for all 



X =■ F(w) = 2* f or aU 



(a) Describe the domain and range of the composite functisn. Is this 
mapping into or onto the set of J«al numbers? Is tlAs^Bapplng 
one-to-one? ' ' 

.(b) •The cardinality of a set is said to 'be infinite if and only if the 
elements of ttie. set may be put into one-to-one .wi^spondence with 
i^ -V the element^ of a proper subset of the given seti*- 'iftiat can ya^^^ 
about the cardinality of the set of real numbers? . \, , 

If P , Q , R > an^ S are points, with B / S^, whose respective 
coordinates in two different coordinate systems are p , q , r , s 
an^ p' J * 3^' * , prove that 

r' - s' r - s 

Bach member of the equation is called a difference quotient, and in this 
case expresses the ratio of a pair of directed distances. The content 
of this theorem mighy'be expreesea in this way: ^ 
Ittfference quotients of directed distances, are invariant 
under a change of coordinate system. , ^ X 

OTithis way* - fffy^' 

The ratio of directed distances depends upQn the, points ^ ^"^ 
involved, but not upo^the coordinate system. ' , 



St 



9* Jf A , B , and C have respective ccordlnateB 3 , 5 ,*and 10 In one. 
coordinate system, and 2 , 3 ^ and > x in another coordinate system, 
find X • • (ih hbv sanyi vays can ^pu do this prohlein?) 

10» if-v A , B , and X are distinct' points vith respective coptdlnates 
' a- , b , X , and a' , t?' , x» two different coordinate systms. 



express 



in terqfcs'^of a ^ b \a* /Vb» , 



and 



11. Shov that if tvo jx^ints are flieB under a linear transformation, it mast 
be the Identity transf oraatioil* 



t ■ 

•J 
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Supplcanent to Chapter 3 



ife have define a aero vector, , and, fbr any number k aid vector *X , 
the scalar product Ic? . We toay, in the same vay, define a zero linear poly- 
iK^aial in*pne vBTlable, p + Ox j and, for any number k and linear poly-.-'^ 
ncaaial in'one varliO?!©, a + bx , the "scalar product*? k(a + yix) «'Jta > Iffei^--' 
We eouM, in the^Bsite w^iVdefine a sero n-tuple of numbers, and, foy any 
i;a^|(ber k and any n-tuple of numbers, ttie "s< ^lar pix4nct", 
k(a,b,^*i,n) » (ka,kb, ...,kn) • ' 

ficmsider xkw a set S = {A,B, .•.,K] , whose mfflttbers,may all be vectors, 
or llne^ polyiuattlals In one variable, or orders n-tupi^ of mmbei^s, etc.y 
¥e aay stee that, "vlth svitable definitions along the lines suggested ai>ove,- 
members tif S mi^t all be linear expressions in twci variables, or polynCBiials 
In X of degree not greater than 3 , or any polynomials iif x , and bo on. 

A set \t such expressions S = {A,B,---,K} is said to ^ linearly 
' dependent -tiiD.) if there exists a set of nuaibers <S « {a,b,...,k) , no* all' 
zexx), such tWkt aA + bB + ... + kK = 0 . 

Exaaple . set l2p + 3q , 6p + 9^} is L.D. T&eoause there Ifc^ a^^sot of . 

numbers C-3,1) ;^t aH zero, such that -3(2p + 3^) + l(6p + 9q) = 0 . 



If a set of oppressions is not linearly dependent, it is said to Ijei'/ 
• "linearly inaependent • 
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B. Bie set ^ 3<i ,'6p + lOi) ie L.I* "bets^s^S if there were 




a set of nuniberp / (a,b) such that a(2p + 34) + t(6p + « O , then we 

wuld have { ^ ^ 

(2a + 5h)p + (3a 4- iOb)q^ « 0 

for all p and , or 

' 2a + 6h = 0 and 3a + 10b = 0 ♦ 

The only solutions for the^e eqiiations are a = 0 , h = 0 ; therefore, the 
original det is not L«D^^ it is L.I« 

In view of tixe example atove^ it is possible to define lin^g Independence 
first, as seme authors do. ' 

A set of such exparessio^s as S =3 CA,B^.««,K) Is said to be ' linearly 
indepaadent (L.I.)*if, for the set of nimibers N = (a,b,«««^k3 , the stateoLont 
aA+bB+Y«. -f-kK i Implies a ^ b « = k = 6 • ' 

^ . Teiiainolo^ f , [^^e property of being L.D. or L.I. is a.collective toe, an(^ 
attaches to the setj rather 4Jtian to i^ie I3eparate individuals ; hoveyar, ve 
follow , general usage in v2^ting, sauetiinite, ^Ibe vectors ^ , B ^ ^ are \im%.^ 
"^r the longer "The set of vectors {A,B,C) is L.I.^ ' * 

We state some Useful theoreane^whose proofs are left to the reader. 

• . ■ ■ ■ 

gHBQREM !• A set is L«fi« if any subset of it is L.D^ 

!IIHEOREM 2. If a set with at least two members is L.D., then one member can be 
expressed as a linear combination of the others. ' ♦ " 

Ctorollary > If the set {A,B,...,K) is L.I., and the , set {A,B, .« •,K,L} 
is L.D«^ then L can be expai^essed as a Un^r combination of A , B , , 
K . , 

V 

ISBQRgg 3> If the set of rows (or columns) of a determinant is L.D., then the 
value of the deteiminant is zero. 

I' 
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, Proof . If the sat of row? is ^.D-, then one rov> say, the first, may by 

' 'i . • ' * 

Eieorem 2 be - expressed as a linear cmbination of the others. 

The iiius-6k»tion T>elow, with determinant of order 3 Is easily ex- 
^^^^^/bended to any order. , * . 



^12 *13 
^31 *32 *33 



^1*^^31 ^^^^^32 ^23 ^^^33 



21 



^22 



*23 



' a. 



*3l "32 "33 

' Bit, by Theorem 5 of Supplement A, this last determinant may be written as a 
sian pf determinants, and equals 



^1 ^ ^ 



*21 
^31 



22 



•23 



*32 * *33 



^^31 ^^32 ^^33 



*2l 
*31 



22 



32 



*33 



Bxe appllca^^d^of IHieorem h of Supplement A'4hows that both of these are equal 
to zero, and ther^ore, so is the original determinant. 



Application to vectof^v 

TEHBORai Any set of vectors which includes the zero vector is L-D- 

THBOBSM Two Bon-sero vBctors are L.D. if and only if they are colUnear. 

(a) ^f f and .5 are collinear, .then, frcsa Chapter 3, ttiere exists a 
twmber k such that P = kQ . Kierefore IP - kQ = 6 , therefore 

and ^ are L.D. 

(b) If\p 'and Q are L*D- then there exist numbers a and b 
bothI= 0 , sjich that ^ + 1^ = "O . Suppose a / 0 , then 

m 

p - i-a . that is P = kQ which means that P ai^ Q > are 

a ' * 

bilinear. ' ' 

Coron«-ry ^. (p,q] , lr,s] are collinear^if and only if 



P 1 
r s 



= 0 . 



5 / 



^SBOBM 69 In the plane, any set of thljw non-zero vectors is L.D.^ , 

(a) If any two 'are colling, they are L.D. and then lb Is the set of 

three. * . ' ^ 

(b) If no two are tsjllinear, .then, for any c , we viU show that we 
can alw^ find values for a and h such tJiat 

aP + hQ > cS^ ; 

that is we can flnci, -a , b , for anjr p , <l , r , s , t , u , e 
such that 



i 



a[p,q.] + b[r,s] + c[t,u] = [0,0] . 



OJds requires unique solutions for a , and b , in the . equations 

pa rb = -»ct 
15^ V sb =» -cu . 

Sit, fnm the hypothesis that f and' 5 ' ^ot^ cxjlllnear, we have 
^ ^ ^ 0 V and t^l^s exactly the condition that there -be unique 
V solutions f or >^ €tnd b in the eqiiations above. 




O0rollary >^<fn the plane, anj; vector can be expre^^a^ a linear combi- 
nation, of any pair of n<xi- (bilinear vectors. TSiat ii%>' 1^ P and $ are not^ 
coUiaear, then, for any X we can find niwabers a aai b so that 
af +^h5^^ ? • riCompare with Theorem 3-5)-^ . , 

Teitninology t If any vector of the plane can be expressed as a linear 
combinaticm o^^.the monbers of sp©e set S =^ [?,5,R|.*0, then S is said to 
syan the pl|pe. * A set of vectors .which is L.D. and ^ch spans the plane is 
cooled a basis set, or Biiscply a basis for the' plane. 

Note: (1) Any pair of ncm-coHlnear vectors forms a^ basis for the plane. 

(2) These cc^cepts ge|i^i%lJ.ze in a natural and interesting way to 
higher dimensions; ; ^ 
The set of vectors, {[l,0]^*. [0,1]) is what is called the 
"natural basis" for the plane, since, [a^b] = atl^O] + >fO,l] • 

w Vv?^ The naturELl bsisis for three dimensions is the set 

{[1,0,0] , [0,1,0] , [0,0,1]) ; etc, 

(3) !I5ie nui^er of vectors in the basis ia the same am the dii^nsion of 
^ the space. Thus, we may define a space of^ur dimensions as one 

in which there is at least one set of four L*I. vectors, but in 
lAiich every set of hve vectors is L.uVs,.^milar definitions may 
be stated for five and higher dimensions . 
\ ' '476 
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Applicatlont "to, Geoaetry 
1, The lines ax + "by >» c , and px + qy^= r Intersect in a point if and 
_janly if the coriiBsponding-BfiUBtions have a ynique solution for x and 

y , that is, if and only ii h ^ ^1 / 0 . 1?hi8 is true if and only if the 

left members of these equations sure L.I. If the left members are J,.D. 
thfen the lines will be parallel or coincident, as can easily be sfenb. 

- 2. Oaie concept intitxiuced above generalizes easily. !Hie planes: 

■fi^x + b^y + c^z = ' , 

a^x + b^y + c^z = d^ 

meet^in a single point if and only if the left members ot these equations 
are L.I. If th^ ar^ L.D. then tJte planes tfi^ be r^ted in various vayB. 
All three may be parallel, two or three of thou coincide, two may be 
parallel and intersect the third, they may intersect in three parallel 
lines, etc. leave the interested student to discover, either by his 
ovn research or by reference to other books, the connection between the 
dispositions of the planes, and the relation^ji among the coefficients in 
their equations* 




J 
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Supplement B v 
Suppl^neixtf to Chepters 2. 3^ axiA 8 

POmra^ LINES, AHQ,j^;,ANBS 



• ^ The material' in thie supplement previously appeared as ca^epter k in the 
Jrt^ellminary edition* Parts of that chapt^ vere retained In the text you are 
nov using. These sections include significant material vhlch may be of in^ 
terest to you. ' ^ 



D-1. 



Choice of Methods 



In this chapter \m ahall consider sos^ , questions ahoit the undefined 
V fiiloaents'of gecaaetry --points, lines, and planes #"^Wien do they^J-nterpect? 
Hdv are they jseparated? . Wiat about betveenness? For answering these «nd other 
questions, veil have developed the basic tools in the ^ller diapters; it vlU 
be peirt of oilt tasi "fot select frcm aau>ng these tools those appj^oprlate to the 
solution of a particular problem. , 

ScBietiaxes ve shall start Vith the goaeral case ai^- then take si^cifel 

cases ^ tou may recall proving, Desargues' Theorem in 3-space, aai then showing 

^ ■ 

that it holds in 2-5pace. At other times, we start with a more U^iited case 
and then generalize.' Thus we consider^ distance first on a line, thftn in 2- 
space, so bn* ^ - 

« 

We h^ve atrallable different forms of representation. In a problesa about 
a particular line, our representation of Ht may depend on what is known about 
• it, what we want tq prove' about it, or other considerations. Iter example, if 
you are toM that the x-iiitercept for a certain line i# ^ 2 and ^e y- intercept 

-3 , you mlghj: choose as Its Equation, f ^ 3 ^ ^ • concerned with 

the amount of rotation of a line about a fixed point, you might want to use 
that point as pole of a polar coordixjate system and write for the line 0 = k . 
A relation such as r ^ 0 ,' expressible laost simply in polar coojrdlnates , - 



^19 
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wuM be muc^ more complicated to Itxjifc kt and to graph in rectangular co- 
ordixmtes.^^-xijou mi^t. vant to try %^b.) In Chapter k vector methods are ^ 
used to prove theore?n8 of geometry that you prov^- earlier iii other vays* 

^ Oup point here is thfi^ in this text fixam this point on- you can expect to 
Bee a variety of representations and methods . In Sections th2 and D-3 ^ " for 
example rectangular coordinates and the equation ax + hy + c = 0 for a line 
are chosen because it is desired to emphasize tlie relation of the g^Metrlc 
problem to an algebraic problem of solving systems of equations. In the same 
fashion, you have freedom to select form of representation and the method 
that seens appropriate in a particular problem. Sometimes a few* 
minutes spent first in deci^iig how to lofcate a coordinate system, will save 
much time In solving a probl^. Often there is ilo single simplest or best 
'^method. > 



D-2. Colllnearlty . 

T5ie geomatric probl'fem of whether three points are collinear corresponds 
tp the algebraic problem of whether three pairs of values of two variables are 
solutions of the same linear equation in two variables . * 

• Consider distinct points = (x^^Y]^) f ^^^^^2^ ' ^3 ^^3^^3^ ' 

UsiMthe two-point form of the equation of a line derived in Section 2-5, the 
equation ofKixe line 



can be written 



y -^>y 



^2 " ^3 



3/ - X3 



<x - X-j) . 



This we rewrite as 



(y - y3)(x2 - x^) ^ tyg - ^3^^^ " ^3^ * 



If we multiply out and collect terms involving x and y j we have 



i 



If we write the terms in parenthesqs as second order determlimnts (Appendix A), 

t 

(l) becomes. - ' *. 



X 











^2 ^2 




- y 




■ + 















^ 0 
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Using jT, y , and 1 "as elements of the first row of a third order de-^ 
terminant, we can then write the ecuiation in the foim 



(2) 



y 1 

■ m 

1 



= 0. 



Since (2) is an equation of 'the line P^P^ i the point 



Is on this line 



if and only if 



(3) 



yg 



73 'ii 



- 0 . 



Thus (3) is a coaapacLnXorm in wiiich to wite the condition that three points 
are 6ollinear. 

IlPtS^e given points are not colllneaf, they determine a triangle. We., 
choose a ^aitangular coordinate 'system so that the triangle is entirely in the 
first quadrant land name the points P£ , j > in. a cotinterclockvise order 

around the triajjgle^ as shovn in Figure D-1. ' ^ ' 

If the^ints P^ , P^ are • 

not collinear, they determine a triangle* 
To find its areA we draw perpendicular* 

P^F^ , ^2^2 ' ^3^3 X-axis. We 

■' " . < 

can find the area K of ^.P^Po 
* * X d 

subtracting the area of trapezoid' 

F^P^P^F^ froan the sum of the areas 

of trapezoids ^^^^^ ^ 

- $ 

F P P F . 

^2X3 3 




3 

Figure D-1 



, K - Area F-^PiPgFg ^2^2^3^3 ' ^^^^ ^1^1^3^3 ' 

# = i<^iy2*- Vi ^ V3 ■ ^3^2 - ^1^3 Vi^ ' 



K 



i»8i 



(5) or K = |; 



3:* 



1^ ^2 ^ 



Bie student shoulcL verify* that Equations (If) and (5) are equivalent. Bie 
|value of t|ie determinant In (5) will te' positive if the vertices are Mmed 
as in Figure D-1 so that traverse of the perimeter "in the order ^^F^Z 

counterclockwise* If it J.s clockwise^ the value of the determinant i^lll be 
negative • . • * 

\te notice that the detezmlncmt in .(5) 1^ the same as the <mQ xiaed to ^ 
write (3) , the condition that'three points are colllnear. *ftils is xpt sur- 
prising, jf^it is intuitively ohvious that t^iree pointo^ are oollineor if and 
only if the area of 'ttie "**triangle" tiiey determine is sero. - 

Formula (3) can be obtained in a different way by using vectdtB. In . 
Section 3-6 ve that the furea of triangle OQCT , vhere X. =» (x^^Xg) and 

Y = (yj^fy2) , is*^ 

,K ^llx^yg - x^y^l . 



We us^ this result to find the an^ of an arhitj^ry triangle* 
1 .name the vertices P- « (x->y^), 

results shall have the sarc notation as 
the joreceding developinent. ¥e add ^he ^i 



vector 



to each of the vectors 



Pj^ - = 0 , Pg 



P^ - Pj^ = PgJI where 



to obl^n the vectors 
P, 



P ' 



- V 




Triaaaglfe CXPg'P^' - Is congruent to triaagle ^^^^3 ' °^ 
angle ^^F^S 
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1 /• . ' 

0 0 1 



i 

s 



^3 ' ^1 



1 

3^ 



1 
1 



2. 



jgxerclBes D-g 

■ ■ — ^ 

Bbr €»ch of tfxe following find oat wbether the points i*ose coordinates 
are giv^ are coUlnieegrj if not, find the ar^ of the trla|SgXe that is . 
determined. 

(a) (7,0) , (4,-1) , (13,2) (c) (a,b) , (-a,-h) , (c,d) 

(b) (3,2) , t-2,-7) p (15,5) Cd) (t.O) , (0,-h) , (a^, a - h) 

Consider the triaj^S^vith vertices « (0,0) , Pg « (a,0) , " ^^^^^ 

and the value (not the absolute value) of the fleteradnant in (5) • 
evaluate this detemdnant for P^ , P^ , P^ • Evaluate it for «= (0,0), 

Qg'« (h,c) , » (a,0) ; f or Rj^ « (a,0) , Rg =,,(b,c) , « (0,0) | ana 

also for = (b,c) ,82= (^,0) * = (0,0) . poes the way you go 

around the triangle make a ^fference? Does the vertex at lihich you 1 
start majte a difference? Try to state scnae general conclusions. 

Prbycfc'that the area of the triangle with vertices - (k^fy^) , 

pg i^Q^y^ $ ^^'^(^c^^yg) m» ^. . 



^1 ^1 



*3 ^3 



^1 ^1 
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Note: The equation above may l« vrltten 



^ " 2 



r 

E 

1 = 1 



^i+i 



lAere we interpret x'Jj;^ae ai^d y^^ as y^' . ^ ^ 

This genereLlizes immedi-q^jfely, giving the following foncjiila for the area 
of a polygon with n vertices -P^ « (x^,y^) : 





n 

E 






i = 1 


m 



where we interpret as and y^^^ as y^ - 

Find the area of the quadrilateral i^ose vertices are = i^fl) , 

• = (-1,3) , = (-3,-28), P^ = (2,-1) , first by adding the areas of 

Ap'p P and AP^P, P. . and then by using the formula in Problem 3L,above 
i 2 3 3 ^1 , 

5- Prove that points A - (-2,1) , B - (2,-2) , and C = (6,-5) are 
collinear, > 

(a) Use condition (3)^- 

(b) Show that f - - k(5 - I) . 

(c) Show th^^., d(A,B) + dfc,C) = d(A,C) . - V ' ' 



D-3« Ctoncurrenee « * ^ ■ 

The gecmetric problean of i^eth^r three lines are concurrent corre0ponda 

to the algebraic problem of \rtiether one pair of values of two variables 

isfies three different linear equatio^ in two ' Wriables . 

We consider ,t^ee lines , , and j with equations 



(1) 



a^x + b^ + c^ = 0 
a^x + b^y + c^ = 0 - 



<?5 



OSiese lines laay bo related in any one of the follxjidng ways; we rfiaU consider 
the analytic conditions for eada^ ; 

(a) The lines W be concurrent . 'Me is the case of most Interest 
us since it represents the usual situation. in imich there is a uni<;pie sol«ti«i 
of the three^equations. The- equations represent three distinct lines with one 
and 0^ one point in comnon. For 
this, any two of tjje lines muaii inter- 
sect in a point, and that point must 
lie on the third line. Wrm our st\^ 
of Inteittedlate MattreSffiatics we know 
that this first requirsnient means that 
we must have 



(2) 



^1 ^1 




\ ^1 


^ 0 , 

f 




ag hg 


^ 0 , 


^3 ""S 


^3 "^3 




J 0 . 



Ttie second condition requires that the intersection of, say, ai^ Ig , 

must lie on . If « (^^1^ represents the intersections of ^ and 
jj^ ^ ve laay write coorftfcnates 



te^t^E 



^1 " 



■c^ h^ 
-2 ^2 



^1 ^1 
^2 ^2 



' ^1 ' 



The condition that is on is- 





-1 \ 

-c h" 
^2 2 




^ -^1 
ag -Cg 


* 


^1 \ 

^2 \ 


ph3- 


-1 \ 
^2 ^2 



\^ich can be writtea i8Q.re compactly as 



• (3) 
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lines be concturrent is that the deter* 




!Ehus .tbe condition that three dls 
Mnant of their coefficientsr is zero. 

(h; Two lines xqa^y^boincide^and be 
intersected hy the third linfe* In this 
c^e the thi^ order detexsilnant is zera 
and there is a unique soluticm of the 
three 'ei3[uati<m8^ but this case may 
distinguished from (a) by iKybing that 
one of the deteiminants of (2) is zero. 

(c) Two lines itmy be'parallel and 
be intersected by the third line* The 
student nnast be careful to distinguish ] 
this case from^case (b) j because here 
there is not a uniqiie solution. This 
case resesibles (b) in that one of the 
detenarLnarits of (2) is zero, but the 
determinant of the coefficients is not zero* 

(d) The three lines my^ coincide. 
There is not a unique solution In this 
case since any solution of one equation 
is also a solution of each of the bthers. 
The third order determii^nt is zero as 

are all three determinants of (2) • There are two other d;l9tlngui8hable 
c^sefe which have these sazn^ algebraic' ^ofe^ The student may be interested' 

in describing these cases and discovering how to* distinguish thaa ftOBi case 

(e) Each line may Intersect ^ch 
|Other8 in a single point. Condi - 

jtion'. '(2) fcolds^ but the third order 
* '^^rtj^mniii^ is not zero. This is the 
Case one is most likely to observe from 
thr^ randomly chosen lines . 

•: might ajjprc^ijfe the question of concizrrence in a sodbwhat different 
f&shion* . Let L^^ and ^e lines with equaticms given in (1) • Tb^ if' 

and n are any nimib^rs not both equal to zero, the equation ./ 

W m(a^x + b^y + -^^{a^x + b^y + Cg) = 0. 



^2' ^ 





Is the equation of a line, since it is a first -degree equation In x and y . 
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#' I^, and • iti^^sect in = (Xj^,y3.) , «^en reiKrepents, for aoit- 

1,1)16 dtoicee of m and a , any, line through v ? If and are 
paraUel; "then {k} represents, for suit^le choices of m and n", any line 
•parallel to I^ -and 1^ . If >i and" |p coincide, then (4) represents 
that sai^ line. Proof . of these last statements wlU be left to the Interested 
stud^t. » 

■fiquatlon (1*) represents vhat Is often 'called a- famlly df lines; that is, 
Itor suitable values of m and n It repreaei^ts all,. ^e lines containing the. 
interaction of L^^ and . Thus a' condition that three distinct Lines 

' (with equations ^n the foim eoc + by + c = O) be conpurTent is 1^ the left 
fflffiiiber of the egwation of one of them is a linear feaabination of the left mm- 
Wrs of the eqttftB.ons of the other two. > •. 



Eammple 1. Flrai a value of k for \Jhlch -lines with tJie'^Vo^owlng 
etpjations will be .cohcurrent. (Assume k ^ -l) 

.4 X - y = 0 ^ \r 

. ^ ^' 3x + 2 = 0 

' kjC 4- y 4- 1 =: 0 , * ' 

. ■ . ■ • 

Solution > ^fe observe that the lines are not parallel (they satisfy ccm- 
dltion^ (2) ); we then use condition (3) 



-1 

0 

1 



= 0 



Ve»find that k = ^ 



Exaniple 2^. 



(a) Fln4 an equation that represents a line through the intersection 
of Unes vith equations x + 3y-3 = 0 and 2x-3y-6 = 0. 

(b) Find an equation Qf the member of this f^ly of lines 



(1) that has slope equal to ^ • 
^ (2) that contains the point (0,3) • 
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(a) «3lug Equation {ft)i>ve vrite bi(x -k V^^) -^^(ax - 3jr - 6) - Oj 



(a +'ai)x + (3m -e 3n)y-+ (-3m - 6^ ^ 0 • 
(bV (i) Frcm tbe last equation In {ajw have an expression fbT 

the slope^ vtdch set equal to ^ ai^ 8isQ)Iify. 



^ m gn _ 3 
I " 3a - 3g 2 

*-2Bi«*l^n«$tai-9ta 



Ite let a«fe5,n«ll, €UKi substitute these values In the^ 
equation in (a) • m. 

27x - iBy - 81 ^ 0 

Or, mre b imply, 3x * 2y - 9^ = 0 . 

(2) If tile line .is to contain the poiht ^;ip|3) , these eo- 
ordlnates must satisfy the first equatiori^In (a) , therefore 

m(0 + 9 - 3) + n(0 * 9 - 6) « 0 . 

o 

Sl^lifying', we have 

6bi * l^n = 0 • 

Ife let m = ^ , n = Z , and obtain , ' . 

X + y - 3 = 0 • ' 
as an equation of ttte desired line. 



Eicerclses P-3 ' 

Are the lines vlth the given . equations concurrent? If so^ 'v^t is their 
;<jcmKm point? , . 

(a) 2x-3y + 6 = 0,3x + l^y-12=0,x-4«0 
(h) x + y- 3 = 0,3x-y + l= 0 ^'ax -1=0 
(c) X - y , y = X + 7 , 3x - 3y + 5 = 0 

For each of the follovliig, deteirolne a real number k such that the 
equaticms represent ^>ncu2rrent lines. 

ta) X - 3y -11= 0,3x-^y + 5 = 0,kx-3y-2='or 

(b) X + ky - 3 = 0 , kx - 7y - 6 = 0 , 2x - ^ ' 3k 0 ^ ; 
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I. Given lines t3^ /\ With eqMatlo^ > - 2y + 5 ^ 0- ^ x + - 1- Oj 
OTlte «B eqjiatloa iiij^^t repreMftts any Una tharoufih tJw point of intersec- 
Uon Of a»d-- . Then fi^^^^e manUer of this fto£ly of liiteB^ that 

(a) hM the siope 4 » 

(b) is peofpendicular to • . * 

(q) coTit^'^"" tbe origin. . • 

(d) containB the point ■ (5*2) ♦ 

(e) has a y-lntercept of 1 • 

%, Find an equation of the line parallel to the line Vhose equation is 
3x - y + 7 fi and containing the point of intersection of 1*e lines 
Vhose equalioM are 5x-y + 3- 0ai^x + y*2=-0. 
' Glv«i the triaiifele d^eimlned by points {a,0) , B - C4*) * C^_(c,0) . 
(a) Show that the medians are cpncurrenti aiA fto^ their point of in- 
tersectioii. (TblB point' is callM the centroA. It t«s dlscttssad 
' . and a vector proof of concurrency given in Esflmple ? , Section 3-8-) 
(h) Shoi/that the altitudes are concurrent, and find their point of^in- 
tersection. CHxls point is called the'orthocanter.) 

(c) Show that the periocular bisectors of the aides are (soncuirent, 
aM ^ their point of intersectip^i. (This point is caUed the ' 
elrcuacenter i it is the center of the circumscribed circle of the 

triangle.) , '* 

(d) Show that the'centroid, the orthocenter, sxA the circumcenter of . ^ 

this triangle are coUinear. , 

(e) Do you think that what you Ijave proved for triangle ABC' is t^ 

for any triangle?- Give r^ons for your answet, 
6. Prove that, in a trapezoid, the diagonals and the line d^r^vn through the 
midpoints of the parallel sides meet in a point. 

D-It. Tnt ^rbeeUons -and Paralleliffla ' 

• I. tiio aets n»ve at l«>Bt ^.^^ m «V t.ey »xe .aid to l»t«rBect 
^ oonslda, ^ tbl. Bertion, point., line. .nd>rt-as, and their poss n 
« set S i. . .^at Of set T , then t^ "^"^TT 

' ' ltB9 ■* 'a 



i» T # Thus a' point aay He on a line, or a I^ie may l)e efifi>edded in 
a plane. (Xxr analytic re^sentaticms of these sets n^es it possible to 
develop sli^ple criteila fbr laany of these rel|kt:|jpshlps . 

£2iS* Fo^t ; P , P . iMs. case is easy to am3yze but a gix)d place 

to start. Tiro points intersect if and only if they <K)incide. Their analytic 
representati<^ are slBstply their coordinates, lAiich ijaist be Identical or 
equivalent in accordance v^th the definition of equivalence given lAen the 
coordinate systaas were Introduced. ; 

In rectangular coordinates P = (3,5) differs from P === (5,3) • In 
polar coordinates P = (6;j|) is the same as P (-6,0) and P = (6,3n) . 

Point and Une: P£ , L . A polftt is on a line if aod only if a aet of 
coordinates of the point satisfies an equation of the line- The point 
^1 ~ ^^'^1^ ^^^^ ^^"^^ L : ax + by + c = f(x,y) = 0 , if and only If 

f(X|^,y ) = 0. The point P^ = (x^^yjv lies on L:x = a+ it,y=b4-fflt, 
if and (mly if there is some value of t , say t^ , such that x^ » a + it^ , 
and y^^ = b + mt^ . If P^ and L had been given relative to a polar co- 

ordinate system, the discussion vould require sin^ile siodifl cations, uhlch are 
left to the studept* The extension of the discussion to B^Bpace can also be 
made, with minof "revigioiis which ^r^ a^o left to the stxident. 

, , (a) P = (1,3) is on L : 3x - 2y + 3 = 0 , because 3(l) - 2(3) + 3 =.'0 
v.!'-' (b) P = {l,h) t& not on L : x 3 + t , y t'2 - 3t , because the 

equations l=3+t, U=2-3t impoBe contradictory conditions 

on t . 

^o^ . r . _ 6, 



(c) P = (12,-60 ) is on L : r = — because 12 = 

cos 8 



COB 60° -"^ 



(a) 
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Similarly, Q = (6V2,^) and R = (l2,-6o°) ' 82^ alsd on L « 

^2,5,-1) is on ^ X = 3 + t , 2 - 3t , 2 « 1 + 2t , since 
the equat^lon 2 = 3 -f t gives a value f6r t , namely t = -1 . 
■wbich Is consistent with -Hie equations: 5 = 2 - 3t ai^ 
-1 = 1- + 2t . 
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Point and P^flv"*» 7 P^^ ^ M . Tbe discusaion Is left to the st^ent, iiho Is 

to the paragra^ above'. 

Llqe tod Iilne : Lj^ , . g-s^ee . Two lines in the saji» plane B^y have 

(l) 'Just; omBt t>r (S) eOl, or (3) no-points in ccssnton. If tiie line^ are 
Lj^ i a^x + bj^y + °i' = f^Cx^y) = 0 , and j^a^x + bgjr + Cg = f^ix,y) = 0 , 

the emalytic counterparts of these "3 cases are presaited below. Proofs, ^ 
which are not difficult, are left to the student. 

(l) Lj^ rj^-l^ intersect in just one point if and only if 

b 



(2f^;Lj^ , coincide if and only if 



^0 



'^l 



Ifote that if any two of these determlnantB are equal to zero, so Is the 
thlrti. Hote also, that if this condition is satisfied, there iri a non- 
zep> number, ^ , such that f^(x^y) = kfg(x,y) « 



(J) , are parallel if aM only If 



^2 ^2 



- 0 , 



and either 



or 



(a) Kote that, if either of these is different fr<M tero, so is the 
15ther. ^ 
(h) Sbtfe that, for any numbers p and q , the equation 
^ pf-^(x,y) + qt^ix,y) - 0 is, in general, an equation of a line, y 

If , intersect, then viH go through tbsit point of 

intersection; if , coincide, then coincide with 

themj and if and are j^rallel, then will be «parallel 

'to both df thCTi. 
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If equations for emd had l^en pr^ented In parsis0ln:lc or Tectoft 

fbxsij tbsBX), the analytic representations of t&e three cases above vould have a 
Maewhat different appearanpe* IHie developmsnt of these representations is 

^or in' one of the escerdses at the eral of this section. 

. * ■ ' ■ 

gr*syaee > Two Unos^ in 3*space may havg (l) Just one point in common, 
(2) aIXv»pint8 In ccosaon, or points in ccssmon. Xn 2-5£»ce^ l^s last 
condition ^requires that the Mnes be parallel, but in 3--sx^cej ll^es^that hare 
no point in ccsmoon aiay be (3) parallel, if th^ lie jLn one pLeaie, or {^k) * 
skev, ±X they do not. 

ft 

The discussion of t^e first tiiree cases is analogous *to the correspond- 
Ing discussion of the lines in 2-fipace^ but the equations ax*e mox^ TOsnpllx^tad 

Si^ypose Lj^ goes throng = C^*\/^) "Ath dlrectioa numbers 
(|^,iB^,n^) , and Lg through Pg = (fitg^bg^Cg) vith direction' numbers 
(J ^ffl^nj . Therefore we have equations Lj^ : x = a^ + ijS , y » b^ + m^s - 



t . 



E = c "+ a,s i and : x = + i^t , y = bg + nigt , j 
(l) If Lj^ , intersect at a unique point P* = (xSy',*') # th^e muBt be 



values of the parameters j ^ say s' imd ^t' , such that 

x' = a^ + i^s» = ag + #gt' 

r» =" 



y* = b^ + m^s* = „g 



b« + 



nigt. 



9fi 



Th^eiare three linear equations in s* and t* , which we may vrite: 

nLj^B ' - njgt ^ =5 b^ - b^ ' 
V' - V' = =2 - ^1 • • 



' !13iere is. a unique cnanmon solution if and only if there is a unique solu- 
tion to any two of these equations which will also satisfy the third. The 

ft ^ 

solution^ if dny^ for the* first two equations, say, is: / 







- ^1 - 


•^2 


f ^ 














♦ 













^ - ^1 

.bg - b; 


< 


i -i 

1 2 
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i i 

(Ifote tbat theSe solutions ireqjaireCN. 



/ X) • ) !Ehe corresponAjng re- 



quirements thaO^&ere^be unique eolutions for any two of the above three 
. equations are * * 







^ 0 ^ and 




°2 


1^0 




°2 











If the &' ^ t' values found ^bove are substituted In the third ecpia^ion ve 
hate: , ^ . 











•^2 










) 




















• 


\ 








h 
















< 









therefore, 



/ 



OMs fljajf, after seme al^ebral^^^viggling, ije vn-itten In the form / ^ . 
a»i this in turn may be written in detenninant form: * . 



^ - ^1 ^2 ■ \ °2 ■ ^11 



n^ 



■ ^2 . "2 

a 

Bote -bhat the, felanents of the rows are direction numbers ftor P^Pg , , 



= 0 . 
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(^) 9 J[3) ^ ^ airev, parallel or coincident., their direction numters 

are equivalent and ^^all tHe Bht^ond order m^rs of the, last two. rows njlisf ' 
' ^ eqjia .2iero, .aM therefore nmst^equal 2:Bro* If^ h^ and I^' il^lncide, 

* they^coiocl^e'a^ with PiPp * ^08e direction nuBibers imifet be ^uiva^ 



lent to those of 



and 



and in that case all the aeccnd order 



minors^ l&fV' ^ i^^ zero*. If L ai^ " L are parallel, then they 

hpCU* lnters€|<?b Pj^Pg whose direction numbers may not he equivalent to 
; thpjp^ of, ' and , and that case the ^econd^ order minors of A 
/%ihich inclx^tde membpjrs from the first row may not all equal zero* 
(h) Finally,, If L^, and are skew , A ^ 0 . 



Consider the llnes^ 
Lj^ • x' = 2 + 3t , y 



z = k + 3t , 



X 
X 



X 



2 + gt , y = -1 + t , E =. 0 + 3t , 
3'*6t,y = 2,-2t, 2 = 1-*; jot, 
-1 + 9t , y = Jt- - 6t , z = -1 + 15t^ 



(a) Pbf* a^d , ^ 

* ^ skew. 

(bj For and 3^' , 



-1^ 
rl 
.1 



-1 
-1 
-2 



-3 

: 5 

10 



and 



are 



and are not 



skew hut dl^y intersec^.in just one point or "bjs parallel or coincident, 
Horoyer^ 



= 0 , and cannot 



3 






3 .If > 


-1 


5 


6 . 


• -2 




6 1(1 


-2' 


10 
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Interfiiect In Just one pointy but must 1^ parallel or coincidexrt* 
Colncidemse raqjolres all second order mixers of A to equal serO| 
aijd, since * 





1 


'-1 










= 2 i 0 




3 


-1 


GCDd must be parallel* 










-3 


i -5 


(c) Ibr Lj^ and 1^ , A = 


3 








9 





2 ^ 0 I the Unas are not eoincldi 



- 0 ^ az^ also all tiber seconcf 



ordar minors of A equal zero. OSxerefore ai^ 1^ coincide. 



(d) itor^ I^' and / A = 1 3 



3 1 



6 . -2 10 



- 0 , /.I^ 



ai£d 



are not 



skev^ but may Intersect in Just one pointy or "te parallel or coin— 
cldent. These la^t^-two possibilities are eliminated by the fact | 
that ' ' . ^ I 



/ ■ 



2 1 
6 -2 



-10 ^ 0 , 



1 3 

2 1 



-5 0 



I • 



Therefore and intersect in J,ust one pointy 'vdilch can t 
found by the i^thods in the section ahoTe to "be P(6,l,6) . j 
!Bie. skdtch belov suggests ^e relatitre positions of l^e four Unem . \ 




Exercise . Show analytically that 
(a) aM are skew, 

(h) and^^P^ar^ parallel. 
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line Plwae ; L ^M . A line, B»y U) be i)am11el to a plane ^ (2) 
be ejob^ea In a plane, or (3) . intersect a plane in jxist one point. In this 
last ease ve sossetiiseB say that line pierces the plane* develop tine 
analytic counterparts of these thz^e cases. 

(l) Suppose L ^s through Pq= i^Qf^Q9<^) with direction nu^jers 

(iQ^^xip) ; then Equations for L are L : x = a^ + i^t , ^ ^ i 
z n Cq -f- n^t • Suppose ve have the plane 
M : px + qy -^^z t s « f(x,y,2) = 0 • 

Ihisn li vill he parallel t6 , M if and only if no point of L lies in 
M, that is, if there is ^ mlue of t such that 

p(aQ + i^t) + a(bQ + m^t) + r(cQ n^t) + s = 0 . IQils is an equation in t , 

>rtiich may be written • ^ 

' (paQ + q.bQ + rcQ + s) + {pi^ + ga^ -^Q)t = 0 . 

Eie coefficient of t reseaabjes the algebraic foim of the iimer product 
of two vectors. {Spe Section 3-5) It is convenient to borrow the algebraic 
symbolism of vectors axA represent this coefficient as the ^inner product" of 

the ^'vectors" [p^q^r] and t^Q^m^^HQ] with tfhli symbolism, the above 
equation become, 

\ ^^VVV ^ tp,(l,r] • [jQ,mQ,n^]t - 0 . 

R)r%kts linear equation in^ t to have no solution, it is necesssLry and 
sufficient that both : ^i^^^Q^^f^ 0 , and tp,q,r] '^^o'^O'^^ ^ ° ' 
£fcre the conditions for L to 'be pciraUel to M . ^ese may be ipecognlzed as 
requiring that Pq , which is a point of L , not lie in M ; aM that L be 

perpendicizlar to a nqrmal 13sie of M , as ^established ^rliSr. 

Example . Show tHat L : X'= 3 + 2t , y = U - t , z = 1 + 3t , is parallel 
to M:3x+3y-z-5 = f(x,y,z) = 0 . ^ . 

Solution . Tht criteria develo^d in the text are satisfied, since: 

(1) f (3,4a) = 9 + 12-1-5 = 13^0, and 

(2) ^ [2,-1,31 -13.3,-1] = 2(3) - 1<3)'+ 3(-l) -6^3-3-0- 

We might also substitute, in the equation of M , the expressions for x , 
y , z as functions of t , and get 3(3 + 2t) + 3(4 - t) - (1 + 3t) - 5 0 , 
irtiich leads to the ccmtradlction * 15 = 0 « Therefore L doesyt intersect 
M . ^ 



^Bie ^-axia, or aoy Jlne i^rallel to it, hM 'eqiaatii^js : x » + i^l , 

y « bQ , z ^ , with direction nual^rs ( Jq,0,O) . If a plane hae an eq.ua- 

tion 8uqh as M:qy + rz + s- 0, its zK>ziBal lines have dlrebtion nuznbers 
{d^4,r) • M is parallel to the 5c-axis or contains it, sinro .^^ 
[Jq/O^O] • [0,q,r] - 0 . « 

In the same vay, if a ple^e has an eqjxdtion in general fom in vhieh the 
y term is missing, then the plane is parallel to, or contains the y-axia, and . 
so on« 

(2) If a line is OTibedded in a plane, then coordinates o*f every point of the 
Une'nmst satisfy an equation of the plane. If','^,i;i 'snd^ M are given as 
WorQ;''"!. : x = + i^t , Y^'^q +^t , z = + ,nQt , and 

M:px + qy + rz + B = f(x,y,z) = 0 , then this requireoMnt is if, 
for all u , pCsq + i^t) + q(l)jj '+ m^t) + Hc^ + n^t) + s = 0 . !Hxls may 

be written as: (pa^ + qb^ + rc^ + s) + (p^q + ^ + rn^H =» 0 , or as: 

If this expression is to equal zero for all values of t then ye must 
have: f(aQ,bQ>CQ) = 0 ai^ [p/q^l • [1^,18^,11^] = 0 . ^ 

These condition for esobedding may he recognised as requiring that 
''^O ' vhich ;ls a point of L , also be a point of M | and alsi^ that 

L , with direction number (^g'^'^O^ ^ I^rpei^cular to a TOiml to M . 
We have previously used the fact that. such a normal has direction nusibers - 
(p/4^r) • 

Sxample , Show that L:x = 3+ 2t,y = l + t,z^3-t, lies i*olly 
in M : 2x - 3y + 2 - 6 f(x,y,z) = 0 t . Vv 

, N ■ 

Solution . Both conditions in the section above are satisfiecf, since 

(a) the point (3,1*3) is on* M , since f(3A/3) = 0 , and 

(b) a normal to M has direction -numbers (2,-3A) J ^ perpen- 
dicular to such a normal, since [2,-3|l] • [2,1,-1] =^-3-1=0. 
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(3) If TO suppose L. aiKi M given as in the two cases above,^then, if I# 
Intersects* in Just dne point, the^re noist be a unique value of , 
say/ t* , such that P* = {x',y',E') on L is' also on M. !Hiat is, if 
x« - a^ + Jpt' , + m^t* , = Cq + n^t*' , then 

'p(a^ + J^t') + q.(bQ + BiQtO + r{cQ +nQt*) 4-8=^ 0,^ This is a lin^ 

eqiiation in t* vhich loay b^ written: " -r;. 

(pa^ + qbjj + rc^ +.s) + (pJ^ + ga^ + ra^)^* = 0 , or 

A unique solution wiU ajdst If and only if the coefficient of t' is 
different frcm zero, that is, [p,qbr] • [iQ,inQ,nQ] ^ 0 . j:f this condl- 

tlon is satisfied, we may find liie unique value of t* : 

• ' y V V ^ 

With this value of t», we find the coordinates of P' , the unique point 
of intersection of L and M • • 

Exaatple . |^nd the point in ^ch L:x = 3 + 2t,y = 2-3t,z='l + t 
intersects M:2^-3y+^z-5= f(x,y,z) « 0 . 

Solution ^ Either by direct substitution of expressions for x , y , z , 
in equations of L into the equation of M , gr by application of the fonmla 
above, we obtain; - 

^ " [2,-3„n • f2;-3,li - 2(2! - 3i-3) + Ml) 

We rosy'sumrfarlze the developnent in this section so far hj^observlrfgHhat 
much of the analysis depends oh the possiblity iBld nature of the solution of 
f(aQ,hQ,CQ) + [p,a^r3 • [ = 0 . Vfe exhibit the results of our ' 
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aoalyBls in the table beloir. 



Case ' 






mastbex^ of 8oHi* 
tlcms ftir t 


(1) L is parallel to M 

X 








(2) Lj^ is aat>eddeA In M 
• 


. = 0 


« 0 


Infinitely luny 


(3) ^ plea:xe0 M 


any value 




dne 



A significant problem^ related to the iroblem of flpdlpg the distance- 
between tvo skevr lines, is to parallel planes \dilch cx>ntHtn two skev 

» 'i '■ ' - • • 

11^^. SiQjpc^e the llnM cure Lj^ : = ^*1 * *y * ^ 

^ + n^t^ ; and : x - ag -i- J^t^ , yj= bg + ^ " ^2 * V 

If the planes cmd ^ are to be p&rallel, their m>rmals Mist have 

equivalent direction numb^t*s, and ve may write th^f equations, 
: px + qy rz --^ s^^ =» f^{x,y,z) ^ 0 } and ei ^ 

:px + qyH-rz+S2» f^ix^y^z) = 0 . OSte problem is to find p , q , r , 
, and Sg in tezms of th^ constants whicth ^ve us asid , under the 
conditions leased by the problesi. Since ' L^* and are embedded respec-- 
tively in. IL^ il4d /Mp , we have frcm the preview section , 
^l^V^l'^1^ ^ f2^^/^2^C2^ - 0 , and also * 

[p,q^r] • [i^,m^,n^] = [p,q,r] • Eig,ing,ng] » Ohese four eqiiaticais are not 

sufficient to fliid the five values p , q^, r , b. azsd , s^ but we re<X2gnisa 

I- . ' X 2 ^ 

that direction numbers ne6d not be found uniquely; any equivalent set will do 
as well, to wr^te equations for and 1^ • assume that not. ftH of 

eqjisl zero, and, in particular that, say, r ^ 0 , in which case we 

have an equivalent set (^,'^^) ; and the algebr^c itroblCTi of solving 

four aquations in four variables. - 

The algebraic conditions for solvability have their geometric coimter- 
parts, corresponding to the relative positions of'^ and . We consider 

here only the situ^ion in which and are skew. Ihe gefaeral alge- 

braic treatment of this case in^lves extensive algebraic manipulatiaa, iftiich 
we shall not ^o through^ We yill carry through the details in an example- , 
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^smsiA , Bind mraliel planes ,H^aad 1^ /(rtilt^ <xm1«dh tdie^l^^ 



■% • .'**v' 3 - , y 2 + 3:tj^ / z « 1 + 2t^ i awl 'l^ : 



y « 3 + Stg , a - 1 - stg . 



Soljitlon . 't jt ■ ■ 

.(^) is iKrt parallel to . ^ because t&eir direction numbers are not 

' . equlvaleaat. " ' ' 

(2) Lj^ and I^^ do not m&et^ "because the eiseta^ion of a consaan ppdUrt 

ImpoBeB contradictory 6ondi%lons oa t^ and t^ If we try lio' a 
■ solve the- system ^ 



3 - » -2 + stg- 
2 + 3t^ = 3 + ^2 



I + 2t, 



1 -'st^ , 



' the last two equations require t^ ^ ^ *2 " 5 ' land the^e do n^jt 

satisfy the first "equation. % ■ ^ 

(3)' IDierefore^ L£ ^ are skew. Bien, in the section above^ 

we consider planes : px + qy + rz + « f^(x^y^E) ^ 0 , az^ 

r px + qy + r2 + Sg = f^ix^y^z) = 0 . Ohe conditions that- 

ax^ Hbe pQ^rpefidi eular to a coraim noxsial 5 to planes fil^ and 

J (-l)p + 3(q) + 2(r) - 0 
( (3)p.* 2(q) - 2(1-) = 0 ."^ . , 



We 3Hay rewrite these as' 

-1(f) + 3(|) +2 = 0^ 
r r T 

3(f) t.2(f) - 2 = 0, 



and these yield, "by elementary methods, the solutions, f ij ' 



11 



. We may therefore use either the direction nuaibers 



-10 



(^,-Ji-,jl) or the equivalent (10^-4,11) With these values of 
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* P 9 (L $ T p yte flM 8^ aad ^isily frcm tbe ccKci&itlons that 
and contain poiBts . = (3,2,1) md •*( -2,3,1) of 
tr^ and respectively, i#e# 

p(3) + a(2) r{l) -I- - 0 , •% - -33 , 
p(-2) ^ q(3) + r(l) + s^''- 0 , /. Sg = 21 • • . 

Finally ve have the equations of the planes 
Mj^ ;,aQx - ky 4- Hz -33 = OjM2:103t-ltytllzt21 = 0. 

Two Planes ; , }A^ ,, Suppose these planes have respective equations : " 

: p^x + q^y + T^z + = f^(x,y,z) = O , • 
1^ : PgX + 92^^ + + Sg = f2(x,y,z) = 0 . 

J aSie sdanee may, (l) coincide, (2) he parallel, or (3) intersect* 

(1) The planes ' coincide if and cadly* if every point of one of them is^ a point 
of the other, and this vill he the case if ai^ only if there is some non^ 
aero number k such that f^(x,y,z) = lcfg(x,y,z) , as may "te easily .seen. 

(2) *i.^e planes will be parallel if and only if th^ have a comon normal', hut 

no %craBion point. . TSiese conditions id.llj^hoth he mat if there is amumber 
k ^ 0 ,^sucfa that p^ = kp^ , = kq^ ^ - ^Tg "^^t s^ / kSg • The 

proof that this is so is left to the student. 

(3) . If two dls,tinct planes intersect in a point « ^^^^q^^q^ > ^® ®^ 

■ ' eaxlier postulates of geometry requires that they interseqt in a line 
cont€iining • We show, from the analytic representation and condition 

•that this is so, and find the line, given the planes* . 

The teneral treatment would involve tea$ous computation, and "would proh- . 



ably not he as ^CLightenlng as a specific example', y 

Exasple* Suppose two planes, ; 2x*- 3y + z - 1^ =^f-^(x,y,z) = 0 , and 
Mg : x -4- 2y - 4z ' 1 =^ f^Cx^y^z) = 0,, have -Wie point P^ = (3,1,1) in common* 
ShoW that th§y have in common a line containing P^ ♦ 

♦ 
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a>lutlon > If p and q are nuiaters Qo\l>bth zerop the ecxuatlQxi' 
pf^(ac^y^$) t ^fg^^^y^s^} In genei^^ an i^quatlcii of a jc^lane contaljolxig 

• !Qiis eq]iiation my l)e vrLtten as : 

(2p .4- q)x + (-3p + 2q)y + (p - 4qt)z + (-4p - (i) « o 

If, ^in particular, p = 1 , q. ° -2 , this equation becoises -7y + 92; - 2 « 0 
or 7y-92i+2aO# Bie locus, in 3-Bpace 6t this eqmlr^ofe is, as shown in 
the previous section, a ]^lane, parallei to the x-axi0^« ^libte "Uiat this plane 
coQtaiiiB Pq « (3,1,1) , since -7(1) - 9(1) + 2 = 0 ^ If ve subtract corres- 
ponding n^aribers of these tvo equations ve get, as aiK)ther equation of this 
plane, 7(y - 1) - 9(s * 1) ^ 0 • 

4 



In the 6€uae \m^»^ takXtig p » 2 , q 3 > ve.get the equation 
7x - lOz " H « J^^^^^^^^p| repr^ents a plaae parallel to the y-asis, and also 
containing (3^1fl) i ^^^^ce 7(3) 10(1) - 11 c= o . If ve subtract 

corresponding loejribers of theSe tiw) equations ve ^e;^ 7(^ * 3) - 10(» - 1) «a 0 • 
!Qieae equations of the t^ plane^j^^rallel to the x- and y-axes, respectively, 
may be written 5 . * • 

y - 1 z - 1 



9 1 . ' 

, X - 3 z - 1 

Ifote that these three fractional expr^slons are all equal and can be set 
equal to soane coaamon' value t , frcaJi which we get x = 3 + lOt , y*= 1 + 9t , 

\ and 2 := I + 7t . / 4 

i 

ISiese are cl^irly a set of paraanetric equations for a line L containing 

the point (3^1,1) . To show that L lies wholly in ve imist show, that 

fos all values 

/ » , 

2(3 + lot) - 3(1 + 9t) + 1(1 + 7t) - 4 = 0 , 
that is, ;/ 6 + 20t - 3 - 2*7t + 1 + 7t - ^ = 0 , 

wbich becomes, for all t , 0 = 0 . 

In the same way, to show that L lies wholly in , we must show, that 

J 

for €11 values of t 

1(3 + lot) + 2(1 + 9t) - Ml + 7t) - 1 = 0 , 
that is, 3 + lot + 2 + l8t - it - 28t - 1 = 6 , 

and, for all t , this 1380011168, 0 = 0. 
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consider the four lines givip the eqizatlcms iTelov fbr Esercis^ 1 ,to 6^ 



X = -2 + 3tj 

2 = 4 - 



f x = 3 - 
y - .-5 + 2t, 



2 = 1 + ht, 



X = 



7 ^3t, • 



^ = -5 + 3t, 
y = 6 - St^ 
-af « 13 - 8t, 



^ = 9 - 



1* Deteimine ^ch pair 'below if the lin^ (a) intersect In Juat^one 
polAt^ or (^) are x^rallel^ or (c) are coincident^ or .(d) are skeir^ 
If a pair intersect in Just <me pointy fls|l that points ^ / . 

(a) Lj^ , 1^ ' (d) 1^/, V \ 

- (b) \ , ^l^y^ ' ^ ■ ' 

• (c) , ' 1 " s » H 

2m Write an eqioation for tfee lihe i^ch contains P = ^1,2,3) and is 
/ parallel to ' ' ^ 

i\>) . \ {d) . • 

3. Write equations of parallel planes and vhich contain resi^fitivtely 

i^) \ and I^^^ ' (b) and 1^ . 

/hm Write an equation .of a plane which . ' . 

(a) contains L^^ and is parallel to . # ^ 

(b) contains Lj^ and is petrallel to . 

5. Wrree lab equatioii for the plane vhich contains the origl^ and 

(a) 1^ . '(c) . • ^ 

(b) . * ' (d) Lj^ . * 

Is said to go oVer Lg if and Lg are disjoint (have no point 

» '> ■ * ' ■ 

in ccmxm) y euid tharew-is a point on vhlch is aliove a point Pg on 

•Lg I that Is, such that '^j^ = ^ * ^ ^ * There is a 
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cojwssponding definition for a line to^ to under anoijler line. We shov that 

' -2 + 3tj^ = -5 ■»- Bt^ , and 3 - " 6 - Vt^ , therettore t£ =1 and t^ » 2 . 

IVjir thesetvaXuee of t^^ and t^ have .z^" 2 apd = -3 , , > 
, and thereftore ,1^ goe^over . . 



6. Determine the oyer or imder relationship for these pairs of lines: 
(b) Lj^ and Ij^ (c) and Lj^ 

(b) and L^' (d) ^ V 

7. ' If goes over Lg, and Lg goes over , is it alvaya^ sogifitlineSj 

or never true that gc^ over ? - 

8. True or Alaet One of two disjoint lines is over the oldier.. Eicplain. 
Consider the four planes : 3x - 2y +,z - 5 = 0 , for ExOTcises.9 to 12. 

JA^ • 2x + y - + ^ 0 ; VL^ : X 3y - 2z - 1 ° 0 , and 
M. : -ax + y +■ 22 + 3 0 . 

9. Find' in parametric fom^, equations of -^he line of intersection of 
(a) M^^, . ' . (d) ^ , . 

■ - ih) , . . , (e) , Mj^ . . ' ■ J 

• (c) , Mj^ . ■ . (f) ^2 , Mj^ . 

.ip. Find the cHimnon Intersection point, if any, of 

(a) M^i^Mg^Mg. (c) , , Mj^^. 

Note that we may use the results of E;cercl«e 9 to facilitate the congnita- 
ti^ in Exercise 10. 
,11. Write an equation of the plane which contains the origin, 'and is parallel 
to: ' ' 

(a) '~ (c) M3 

. (h)„,M2 " (d) \ 
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(Itefer to%the UUies at the top of this group of exerciseb.) ' 
Plnd the point, if any, 1q ^ch 

Xa) meets . (c) meets • 

^Vmeets Mg • . H \ • 

13. Suppose eijustions of two lines in 2-space are given in parametric fom- 
Develop criteria, in teims of the constants in these equations, for the 
various g^csnetric relationships that may exist "between the lines, as in 
Section ^-6d ,*vhere the equations were given in general form. 

D^5. Perpendicularity and... Aggles Jisfi^ween lAnes and Flanes^ 

We have usecl quite freely In tMs chapter the definitions and tests for r 

perpendicularity that had been developed in Chap^r 2 . For the pu2^)Oses of 

this chapter we consider angles between lines aad planes in general, and per- 

pendicularity as the spectel relationship ^that exists lAen these angles are 

r;Lght anglM . \fe recall, that 4n angle feas b^en defiiJW as the union of two 

non-j2olllnear rays with a ccasnon end-goint • ' ^ 
* <• ■ ■ ■ 

ywD ll&e^ ; , , We do not define angles l>4tveen p^mllel or 

coincident lines. Although there may be scn^ value in llie consideration of 
;*;?traight angles", or ""zero anglais", we feel that there Is not sufficient 
application of these concepts in this' text to varrant the time and effort that 
the^ treatzaent wuld entail, m have ' already deroloped In earlier sections 
analytite criteria to distinguish cases of parallelism or coincidence i 

If l^j^ and are neither parallel nor coincideat ve define the angles 

.between tiiem to be Idle angles ' foimed by lines L'^^ and L'g which contain 

Bct^e rasmnon point,- say, the origin, and are -respectively coincident vlth or 
parallel to and . ; Ifote that^this definition covers any intersecting 

or sk%w .lines. Such lines deteimina four angles, ■which can be analytically 
distinguished only if there is staae vay ^of ee^lishlng, 'implicitly or ex- 
plicitly, a sease oa and . . ./ ^ \ • • 

2- space ; Consider taie intersecting lines : x « a^^ + K^t , 
. y « bj^ .+ ^t-^^and I^:x-ag + >^t,y=b2 +1^^^, wher^ \ , li-^ , \ , 
H ', are direction cosines. OSien the lines L'^ and J-'g which go through 

. ' • , 505 • 
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the orifi^ ami are respectively parallel to or coincident with L^^ atid 
have the equations: 

L*l 2 X = X^t ^ y ^ M^t'j L'^t. x ^ 'h^t , y ^ M^t . 

Note, thai/ \ i establish a sense along and L*^ j the "positive" 

part containing points for idiicii t > 0 ; and so on. If, on and L*g ^ 

we take t = 1 , ve gpt the points P^=( and Pg^CA^^n^) on the positive 

OP^ ' ^2 • ^ define' the angle between and as given ab<?\re, 

the angle fom^ by OP. axA ol^ , which we designate as 9 • !fote \ 
that if we had taken for ' the equimlent direction cosii^es ^\ 9 $ 
these woOfti have beeves tabll shed on a sense opposit^to the original, 

and in that case the angle between aid would have b^m the supple- 

meat of 6 . It is n^t difficult to sep IJiat, ftor any choices of equivalent 
direction cosines fcrr and the angle between And *would be . 

congruent either to *0 l^its supplement. TSiese are the angles wa m^an^ when 
we speak of the angles fomfe^ by two lines • ' \^ 

FrcEi ^^jPg cosines we get 

d^(P^,P^ » d^(p,p]^) +^d^(O^P^- 2d(0,Pl|^)a{0,P2) cos . ■ Note that 

dCCPj^)^- ^iO,V^) - 1 , and' d^CP^^P^) ^ {\- \ f ^ ii^' 



Hherefore 



2 - - = 2 - 2 cos 0 

(:|^) and ' C06 0 = Tv^^X^ ^ t^t4 • " " 

This Is an unambiguoue determination for one of the angles between, 
and , namely that between the positive rays on^ • L^^ and determined by 

the given direction oosl^^es^and t > 0 . Another of the angles between 
and ±8 clearly the supplesaent of 0 . - 
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Bote that L^^ if and only If the angles between them are rigtait 

aaagles, that is, If 'an^ only if X^Tsg ^^"^^^S = 0' • This is fi femiHar criter- 
ion- for perpendicularity. . . ^ ^ 

¥a may izKlicmte the correfiBjiOiiding resizlts using direction numbers, rather 
• than diprection cosines; Sote that vhen ve set * 



X = 



-■ , \i - — — ^ — ^ 

^ ^ 2 + A2 ^ 2 



t^here is an ambigi^ty introduced ^vlth the choice of sign for the radical^. A 
particular pair of 'direction monbers entails an iorplicit sensing of the. line, 
a^ with the case of di^ction^cosirfes j the positive sign for both radicals 
preserved "^he original sensing. In terms of direction numbei^, "Equation (1) 
becomes ^ • - 



/ 



(2) 



Cos 6 



and the correspoiding condition for pei^>ehdicularity becoajes 

!lSe 4evelopment here resembles > as it should, the corresponding develop- 
ment with vectors,' given in Section 3-7 • We may, in these foimilas, use the 
embolism of vectoi^, to siiaplity their representations. We recognize that 
the vector OP^ - ' ^ • "Rierefore we may write 

Equation (l) in vector fonai a. . 

. Cos 0 - • [T^.mJ] ^ • . . 



^In the same way, althoiJgh we have not i^ed vectfors whose, components^ are dlrec- 
ti<fn numbers, we may extend our ^symbolism and treats the expi^ession [i,m3 
algebraically as if it*were a vector, in which case ve may wr>1>e Equation (2) 

^^in "vector" form: 

'v 

J- [.i^,m ] [ig,m^] >^ 

and tlje dbrresponding condition for perp«idlcularity as 



c. 
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^Scagiple 1/ Find the an^Le tetween : x « 2^ 3t ^ y « 4 r t , and 
Solution. » ^ _ 

(3)(l) ^ 



: X =» 3 

P06 9 



- 2 •• 1 ' 

.. ' ' ■ 0»82°' . . • ' - ., •;. 

t « 

Example 2. Show that : x = 3 - 5t , y = 2 + 3t is perpendicular to. 
. : X = 1 + 3t , y = 4, + 5t . ' - 

^ Solution . (-5)(3) + (3)(5) = 0 , i . 

Example 3,. Find the; angles between and / viiere conlfSilns 

the points "J3^^) , (-1,-1) : and* confains the points (-^,6) , (3,0) # 

* SoIa&OR ^^ Since no sense is imposed on and we vill find their 

angles of intersection. , 

We may tal^ aa^ direction numbers for , (^,5) and for , (-^7,6) . 
(Why?) 55ierefore: ^ , , - . ^ 

* # 

W^ T^y^ most simply, find •the other -angle of intersection as the supplement of 
"s^' Q , but it is instructive to use equivalent direction numbers for vhlch 

have the effect of reversing the sense induced by the first choice. We use 
now 0*^,-!;) ,'and (-7,6) as pairs of direction num^rs and ^get 

which, is, as We expected, supplementary to S . ^ . ^ 

\ 

JOfl . ^ • /■ ' * 
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Example Flr^ the line ,1^ , to contain the point (1^2) and be jjer- 
peiKlicular to Lj^:x«2 + 3t,y = l^-t. 



Solution* 



Suppose' B^ets at P = (a,b) . Then ve take direc- 



tion nuntoers for as (a - 1, b - 2) . From' the perpendicularity relation- 

ship ve have 3(a - :|;) - iCh - 2) - 0 - From the fact that P =^ (a,h) is on 
i,^ ve have a = 2 + 3t ;b = if - t . Substituting these expressions for a 

epd b into the' first of these three equations yields 3(1 + 3t) - l(2-t)^= 0, 
' frcsn which t = -.1 . Therefore P = (1.7,^.1)" and L has the equations 3 
X = 1.7 + .7s , y = J+.l '+ 2.1s . ^ 

Two lines ; . 3-siace . The development here is a straightforwaina generali- 
zation frdm that given for 2-space. As before,' the"sig&Tic5ant formula ccmee 
frcm the consideration of , vh^cre and either cjontaln 

4 or are parallel to OP^ , OP^ . The resiiltfe are indicated helow, hut the 
pitDofs, which are not at all. difficult, are left to the student. 

Cos 9 jp ^^^2 + MxM^ * ^1^2 



(3) or 



Cos 0 = 



'"l'^ " "l^ 



Ab before, the test for perpendicularity becaaes ' ' " 

^i^a = 0 ' °^ \^2 "H"^ V2 " ° ' 

These may be represented simply, in vector foira, as ^ . 

^ ^^I'^^^l^'' t\>^2^^2^ - 0 , or [ \,m^,n3^3 • [^.m^^ng) = O 

Exampla 1> Find ^th/ angle between two lines having direction cosines as 
follows : 

\ = - > Ml= 9 . V, -| , and ^2 = ^ ' ^'-^ ' ^2 = ' 



^ 
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Solution* 



^ ^ /3 %T 



- — « -.258 



o 



0 a? 105 

I^:x = 2 + 3t,y = 3- t,z=2 + Ut, 
I^tx = 5+ t,y = 6 + 7t,Ea7+.t,are pCTTpendlciaar to each other. 

Solutl^. [3,-1,4] . [I,7,l1 = (3)(i) + (-l)(7) + = 0 . 

ftw^le^. Flid the line vblch contains Pb (7,U,5) Bna is p«r- 
pendlcular to of the previous exercise. 

Solution. If ineets Lj^ at p = (a,b,c) then ve may take, as direc- 
tion jiumbers for , (a - 7 , h - , c - 5) Kie condition for perpendi- 
cularity requires 3(a - 7) - l(h - 4) + U(c - 5) -0 . Since p = (a,B,c) is 
on Lj^ , ve have a = 2'+3t,h=3-t,and c=2 + Ut. If wo substitute 

* • . • 

these expressions for the coordinates into the previous equation i^^ get: 

3{-5 + 3t) - l(-l - t) + + H) = 0 , from fhlch t = 1 . 
IRierefore P = (5,2,6) and has the> equations: x==7+2t,y = 4 + 2t, 

E = 5 - t . 

Mne Plane ; t ^ • It is conveiiient to consider the line 

Lj^ : X = a^ + i^t , y = + m^t , z = c^ + n^t ; aad the plane \ 

: px + qy +' ra + s = 0 . We have already developed criteria for to 

be parallel, or perpendicular to ^ Suppose it is neither, and intersects 
-^t point P^ . Then any other point of . , say determines, with 

, a uiiique*'*5Sne IS* , perpendicular to , and meeting it at, aay, P^ . 

We define ^the angle between L^^ and to be the angle pQ^-j^Pg , designated 

as e . Sbte that this definition requires 0° < 0 < 90° 
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Slnca H haa dlrectioii numbers 
(Pjq>r) Bs^ has direction mmbers 

(i^^^n^) , we can find the angles "be- 
tween li^ and H , from Equatlcai (3) 

of tbe previous section*' \fe need the 
acute angle, designated * , aiKl there- 
fore tise the absolute value of the rlg|it 
member as cos ^ • Bit, from right 
^P^P^Pg J since e and <^ are comple- 
mentary^ ve have sin 0 ^ cos $ j and 
the equation ve want: 



tine - 




Example > Find the angle between Lj^:x = 2 + t,y=3-2t> 
2 = l+ tjaQa5lj^:3x + *^y-12z + 5«=0. 



Solution-! 



sin 6 - 



11(3) - 2(U) + 1(-12) 



lllL 



8ln e = — il- s« .53 

13 



!Pwo planes ; M^^ , . Consider the planes, M^^ : p^x + q-j^y + r^la + =i 0 , 
Mg : PgX + qgX + r'gZ + = 0 , and a point = {B^,hQ,c^) not lying in 
either plane. Pq and determine a unique normal line , and Pq and 

a unique normal line . We define the ang^,es between planes 'and 
M to be the angles between lines and . If and coincide, 

then the planes are perpendicular,. to a commjn line and must be parallel or coin- 
cident. The anal^ic conditions are easy to find. Since and contain 
a. ccoaa(& point Pq , and have direction nimbers (p-j^^q-j^^r^) and (pg^qgir^) ^ 
they win coincide if and only if these direction numbers are equivalent, 
that is, if there is a number k ^ 0 , such that P^^ = kpg t ^Lj^ = * 

511 
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J and these are the conditions that he parallel to or coincident 
with > as has been nofe^ earlier. Of course and will coincide 

if and only if, further, - kSg , otherwise and are parallel. 

If It^ and coincide, the angles "tetween them can be found 

ftrom Equation (3) of the previous section, and these aye precisely the angles 
between ^M^ and : 



(5) Cos e = 



If one of these angles Is designated as 6 , smother must he the supple- 
ment of © , and the reanalning two angles coaigruent to th^e. TSien the right 
member of Equation (5) gives the cosine either of 6 or of Its supplement. 
We fitre usually interested in the acute angle, in which case we use the abso- 
lute Value of the right member of (5) • 



Example « Find the angles between the planes IL^ : x - 2y + z - h ^ 0 , 
and : 2x + 2y - z + 3 = 0 . 



Solution* 



Cos e 



1(2) - 2(2) + 1(-1) 



/l^ + (-2)^ + 1^ /a^ + 2^ + (-1)^ • 

= ^-2- es - .41 

0 a 156*^ 

. . The angles are 1 56^ and ' 2l^^ . 

Example . Find an eq^uation of the plane, perpendicular to line 
L:x^2^-t,y = 3-2t,z = l + 3t, andfcontainlng the point A= (3,1,2) . 

Solution . If P= (x,y,z) Is any point of the plane, then direction num- ^ 
hers for PA are (x-3^y-l^z-2). The condition of perpendicular- 
ity requires that 

l{x - 3) - 2(y - 1) + 3(z - 2) = 0 , 
and this is the solution, vhlch may be written more compactly as 

X - 2y + 3z^ - 7 = 0 . 



I 



f 



^ CJonslder these three lines for Exercises 1 to 

Lj^ : X ^ 3 - t Ty = 2 -I- 3t ^ * 
I^:x = 2'*-t,y = l- ^ 

: X = 1 + 3t , y » 3 + 2t • \ * 

!• (a). Find the angle between acd • 

(b) Pin4 the angle between and • 

(c) Find the angle between and • 

2. Find the line through the point (3^5) and,. perpendicular to 
(a) (b) . ^a)^ L3 

3. Find the bisectors of the angles fomed by and ^ using the locus 

definition of jan angle^b^^cto^ (points equidistant from the given lines); 
■ then show, by -^^rlSethods of this section, -Uiat the angles have been cut 
into Qongruent pairs; 

If , meet at ; , meet at j and , at , 

(a) find the coordinates of ' ^2 ' 

(b) Use these results to find the lines ^ich conl^M^ the three altitudes 
of ^^P2P3 . , . 

5. At -what ang5.es does the line detenRined by (1,3) , (^,-2') n^t the 
line determined by (-1,2) , (2,-3) ? 

(Consider these lines for Exercises 6 ♦to l^i-. 

:x=2-3t,y = 3+ t, z = ^ + 2t 
I^:x = 3+ t,y = U- t,z=2-+3t 
L*:x = l + 2t,y^2 + t,z = i^-3t 

.6, Find the angles 

(a) between and I^. ' * 

(b) between L, and . 

(c) between . and . 
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Hud th6 equations of a line "Uirough P tj (l^2^3) and pesrpendleulftr t6 
(a) Lj^ . , (b) . (c) • 

8» Fli^ equations of a Una 

(a) H- perpendicular to both IL, ai^ Im • 

JRl)) Hg^ l^erpei^cular to iKJth Jit^ and ♦ 

^ ' (c) perpeaidlcuiar to bo1|i and . * - • 

9« Find an equation of a plane vhlcSi contains the point ,P (3,5,7) and^is 
^ perpendicular to v ^ 

(c) I^. 





(a) 


h • 










10. 


iRlud $n equatioiT-Df a plaoe -vbich 




* 




(a) 


contains 


h 


ai^ is parallel to 








(D) 


contains 




arri is parallel to 




• 




(c) 


contains 




and Is parallel to 








(d) 


contains 




ar^ Is parallel to 








(e) 


contains 


h 


and Is x^xaUel to 


h 


• 


> 


if) 


coi:italns 




and Is parallel to 




* 






lider these planes 






« 








Mj^ : §x + 3y - 2^ *^ 


5 = 


0 






V 




Mg : 3x - y 2z - 


k = 


0 










7 = 


0 


11. 


FiM the «UTgies 'between 








(a) 








■3 




12. 


Find the plane %rtilch 








(a) 


contains 


h 


anA Is perpendicular to 


«1 




(t) 


contains 


h 


ai^ is perpendicular to 






(c) 


contains 


h 


and Is pei7)endlcular to 






(d) 


contains 




and is perpendicular to 


«1 




(e) 


contain^ 
* 




and is perpextdicular to 


«2 



(c) Mg , 



^1^ 
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(f) contains and Is perpendicular to . 

' (g) contains aiid is perpendicular to B!^ . ^ 

(h) contains Lj and is i)erpendicu1ar to • 

" (i) containa L^^ and is. perpetodlcuiar to 11^ • 

13«. the plane lAich <K>ntaiiis the oarigin, a»d is ^rpendl^&lar td the 

line 4e't®™ined hy , ^ ^ 

(a) , Mg . / (t) Vl^s^ ^ (c)\Mg , M3 . 

Ik. Find the angles. between eacji of the lines ^ ^ ^ ^ ^ ' given above, 
and each of the planes, , Mg , : 

* ^ (a) (d) (g) . 

(b) lu^ ^ (e) ^ (h) L^Mg 

(c) ^ " ^ (f) (i) .L^M^ ^ 

1^. Find the angle that each apcis rsakj^s vith each plane. j * 
(a)' Mj^ (b) Mg ^ (c) 

16. Consider two intersecting lines in 2-si^e, vhose equations are 
Lj^ : a^x + c-^ « ^lU/y) ^ 0' j and 

: tgjr Cg = fg{x,y) = 0 . Develop a folmila for liie cosine of 

one of th^ singles between them, in teims of , '''l ' '^l ' '"'2 ' °2 



« * SuppleiBfint to Chapter 7 

• ; i ^ . Part 1 



S?'*!^ Cones and Sections of Cones 



In your study of geanetry you learned that a clrcul^ir cone may be defined 
C ^ ' ' — — — • 

; as the union' of all segpients VP where P is any point contctlned in a clrdi- 

lar region C and V is aziy point of space not contain^ in the plane of C • 

?he resulting geometric configuration is a solid * If 0 is thd center of C 

\ 

and if is i>erpeiidicular to the plane of C , the resulting solid is a 

S^ ght circular cone> ^ V, ' ; \ > 

An alternati^hof id^Aof a cone is as sn uniK)unded ^xnl^ace lather than as 
- a hounds solid* • ^ . . 

I^jSlTIGEB m Iiet D be a curve contained in a plane E and l0;fc V ' be 

V ahy^point not itl E • Bien the union Of all lines vP rijrtiere P , is Ja 
■ ^■* 'point^l^ D ^ is a cone > ■ • - 

The cu!hre D is a jplane curve and the directrix of the teBBj the point 

V is the verteSc^f the cone; the lines ■V? are the elei&ents of the (Kme. 

Note, that according to this definition of a cone the surface falls , 
naturally into tvo parts - ^ ^ 

' ■ ' ' ' ■ ■ * ' , ■ •** • ' ■ • . ' * ■ ' 

DEgrmilOH ^ * If V is the vertex of a cone, D is the directrix of 

the cone, and P 1% ^any point of D , then the union of the rays 

t 

is a nappe of the conei the imion of the rays opposite to . is also 
a nappe of the cone* 1 ^ . 



FRir 



It becomes apparent that vhlle a given cone has a unique vertex, it has 
infinitely many possible directrices • 

Cones may be named ^ter curves vhi<ih are their directilces. Thus a 
cone >^ch has a circle as a directrix Is'^fctLed a airculsa* cone. 35ie line 



contal^ng the vertex of the cone and the banter of the circle is called the 
axis of the cone* If the axis of the cone is perpendicular to the plane of 
the circle, then the Qone is called a rl^t circular cone > The right circular 
cones are the cones vhich ve shall consider, ^fe state two theorms with the, 
{jfj^rd^B suggested as exercises . * 

•» 

'^^^^^'^^ S7-l « A circular cone is a right circular cone if and only if the 
points of a directrix are equidistant frcm the vertex. 

The points of -ttie axis of a right clrQular cone are equidistant 
from the elements of the' cone . 

# 

The intersection, of a surf^e and a plane is called a section of the 
surface. If the^ surface is directed or generated by a plane curve (as are 
^ cones, prisms, cylinders, aM pyramids), then the sections of fhe surflace 
i foimed by planes parallel to the plane of the generating curve are called . 
cross-sections of the surface. If the surface has an axis, then the sections 
of the surface formed by planes pei-pendicular to the axis are cai:^ rights- 
sections • Since the axis of a right circular cone is perpendicular to the 
plane of the directrix, the cross-sections and right-sections are identical/ 
tBie sectidhs of a right circular cone are^call^ conic sections . They may 
also be obtained frcsn other cones and surfaces. QMs will be made clear in 
Chairter 9 . Hbvever, ve shall confine our approach here to sectlope of right 
circular cones* 

, What we plan to -do is to use geometric methods to discover certain 
characteristics of the conic sections • These characteristi'cs enable us to 
use analytic *method^ to study the conie sections as curves in the intersecting 
plane. > ^ 



-1. Prove' Theorem S7-1. 
2. Prove (Rieorem ST -2. 



Exercises S7-1 
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S7-2. Taogeat S^eres and Cuttli^ ELanes 

Let us ccmsider the sectidns of a right circular cone. For the time - 
'"teing we shal l not coiasider those sections which contain tht vertex of the 
cone. Such sections are classified ooy degenerate conic sedfions aiid will be 
stxidied separately. Let V be the vertex of the cone, a the axis of the 
cone, and E the intersecting or cutting plane # There are associated with 
^fe^ch section one or more spheres with center on the axis a irt^ich are tangent 
both to E and to ^^I t the elenents of the cane. It is our first task to 
prove the existence of such a sphere or spheres. 

Prom the definition of a right circular cone, it follows that any two 
elements of the ^pcme form congruent acute angles with the axis • We deJteie the 
^measure of theiSe acute^ angles to be the eloaental angle of the cone, which we 
denote by x . - ^ 

« we o^ecall that the distance frcsn a point to a line is the length of a j 
segment lihich Xs j^rpendicular to the line and of which the end points are the 
given point 'and a point in the line. Also, the distance from a point to a 
plane is the length., of a segment which is perpendicular to the plane and oi?" 

^ which the end points are the given point and a polht i^.tft^'jUBn^^^^^^ '^y 

The axis of the cone is the, set -ijy; ail points wljich cure eqUidistaijt tixm 

the elements of the cone.. We .aay therefore thkt each point of the axls'.'isithe 

• • • -s ' ' ■ ■ . :f ^ ' ' ' 1 ' ' 

same distance fratk the done and thaC this distance^is the 'disiai^ce betw^een tthe 

■ . . ' ' ■ " ■ , , ' ■■ ' ' *' ' 

point and the 6bne# ' ' . ^ , , • , 

\ ' ■ ■ \ ■'',''*'»•'', ' ^ 

Given any real number' except zero', ther^ exist tvo points , on the axis ' 

vhich are this meadUTQ of distance the , c^e,; one cin either side of the 

vertex. For t)I?e> fed! number zero there exists only, one such point, the vertex 

of the €x>ne. 'For each of * these Jjoints on the axis, the points of the ' cone at 

the given distanee lie in the same plane and form a circle. Since these ai*e 

the closest points of the., cone, there is a sphere with center at the given' - 

point and radius' equal rto the given distancp^ which is tcingent to each element 

of the cone. .Jbr this reasbn.^we say that the sphere is tangent to the cc3ne > 

The unJLori of the points of tahgency is a clircle, galled the circle of tangency . 

We turn our attention to the plafie intersecting the cone* IJiis plane may 
be parallel to the axis' of the cone, but -in all other cases it intersects 'th& 
axis, either, in .the axis itself or in t set containing e single ^x^int. 
first consider inteirsectionsy in a single ^Intv ' ' 
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■ If the cuttii^g plane is not p§iT)endic\ilar to the axis of the cone, then a 
pair of cotigruent acute vertical angles is fonnad by the axis of the cone and 
It^roJection in tlie cutting plane. We define t^e m^ure of these acute 
angles to he' the cutting angle of the plane* If the cutting plane is perpen- 
dicular,, to the axis of the-eone, we define the cutting angle to "be | in 

^'radlaii ai^sux^ or 90 in degree m^uare. If the cutting plane is parallel to 
. the aad's of the cone (in this case.it contain the axis), then the cutting 
angie is defined to be zero. (We could awid defining these angles in such an 
unnatural v^J", were ve to consider jjarallel. planed TOntainlng the vertex of * 
the cone. However, we are interested solely in the useasures of these angies 
and adopt these definitions.) 

. ^ Exercises 

1. Prove that any two elen^ts of a ri^ circular cone form congruent acute 
aii&les with the axis of the cone. 

* 2. Prove that the axis of .a right circular oone is the locus of points equi- 
distant frcaa liie elements of the cone. 

3. Prove that, given any real number except- zero as a measure of distance, 
there exist two distinct points on the axis of a right circular cone 
which axe this measuTO of distance fxcm the cone. 

Prove that if a point P on the axis of a rifi^ circular cone is at a 



(distance |-d frani the cone, then the locus of pointy of the cone at a 
distance d frcsa P is a circle. 



\ ■ 



S7-3. Spheres of Tangency 

Figure i is a schemtic representation of a plane cutting a cone from a 

point of view parallel^ to the cutting plane. V is the vertex of ^e cone/ 

a • i^ the axis of the cone, / and are elanents of the cone, cC is the 

elemental angle, ^ is the cutting angle, P is the point of intersection of 

the cutting plane and the axlq -of the cone, and m is the projecticm of the 
axis in the cutting plane • * 



ife consider three diffe3rentM coordinate systesns on line a . I?i the first 
coordinate system X ttie origi^i is at V. ; the coordinate of P is positive 
and is denote by Xq . "Hie <xK>rdinate of an arbitrary point is denoted by 

The second coordinate system x' is oriented frcm V to P and assigns 
to each point R as its coordinate x' the distance from R to the cone, 
and, conseiluently the radAus of the sphere tangent to the cone vlth center R . 
•Hils is the case to th'Tri^t of V . The origin is at V . To the left of 
V the cwsrdinate is the iiegative of this radius . UhlB oxsrdinate syston is 
i^elated to the first coordinate B"ystem by the 'following linear eqiiatipn: ) - 

X* X BinoC • 

!Ehe third coordinate syst^ x" on a is oriented from P to V and 
"assigns to each point S as its coordinate x" the distance frcm S to the 
cutting plane, and consequenlTly the radius of a sphere tangent to the cutting 
plane with center a • This will be the case to the left of P • The origin 
is at V . To the right of P the coordinate is the negative of this radius. 
Biis coordinate system is related to. the first coordinate system by the 
following linear 'eqtuation; ' 

' . ■ • (Xq - x)x" = sin yd ^ ' ' * 

... We observe that, if x* ^^ x" , the corresponding point on a Is tbe 
center of the sphere tangent to • the cone and the cutting plane. This is th*e 
desir^ sphere mentioned in Section sf-2# »' 




We equate these two expressions aod solve for x : ^ 

{tCq - BlncC ^ sin/8 

i 

X sinot+ X 6in /B =s Xq sln/S ✓ . * 

sin 

* ^ ^ sinoc + sin^ . ^ 

Ifo note that we oriented the first coordinate system in such a way that 
Xq was positive and;*^t, inasmuch as pL and are m^sures of acute 

anglesi ; ^ ^^fi 4 l^i \^ is between O and 1 . Hence x is the ooordi- 
' ^slnoc^+ sln/9 ;\ 

nate of a point between Y and P and the T*ad|ius of the ^ph^e is 

( slngC sin^. \ ; . ^ 

sinoC + sln^y V - 

l^fi >o< ^ ^^en sin^ > sino< ^^and we dlscov^ a secoisi s^ere tangent 
both %o the cone Imd to the cutting plane^ but with its center to the right of 
P . Oto the right of P the radius of a sifliere tangent to the plane^is -x" « 
If x» =» -x" , - ^ 



^ _ ^ • ^ ^ , " ^o(sinoc - sin^ ^ 

Since (sin J^^inct ) 1 ^ x is the c<K)rdin»te of a point* to toe 

' . / sinat siBiS \ 

right of P • .The radius of ttie,si^ere is ^Cq^^J^^'T'^JSZ'/ * 

If )B<oC , then sinyS < sinoC j ve discover a second sphere with center 
to the left of V • To |fche left of V the radiiis of a s^ere tangent to the 
,cone 4s -x» • If -x| - x" , , < * 



\ -X sineC = (Xq - x)sin^ 

^1^^^ ^ = -^(sinci^4n/5) 

'Where -r— ; — sin^ ^ rjrj^^ ^ ^j^^ fX)ordinate of a point to the 

t>sinoC - sin^ ) % « . 

left of V ^ the center of the sphere is more rmote frosi the origin than was 
t^t of the first sphere, and the radius is ^J ^qI^^ S^^^ j • 

^ If ^,= oL , sln'^ =5 sind<. , and the search for other spheres Is in vain. 
The 1x>ef ficients of x^ are^ not defined outside the segment VP . 

82 ' ' 



* ' Lastly, VB conslde;r the pos8iMU.ty that the cutting plfline may be 
P&z^lLI^ to. the axis of the cone. In this pase the distance fzxM a point 
the axis to the plane is constant.' Thus = k% ai^ fbllowM? the above 

argument) ve discover that x » ^ BlnoC ' are two sjii^rep', c^i^^pi jS^her 

side of V , and each with radius k We ropall ttett the cutting anfele is 
zero In this caag, for the cutting Mgle Is "not really ^ angle itself, bUt 
rather a measure associated with the angle. ^ ' ^ 




Degenerate Ctefhlp Sections ' , , / . ' 

Before continuing with our discussion of the moi^ elalKDraite^ coQlc sec- > ' 
.tions, wp may dig^s to consider what he^pens if the cutting plane contains 
^he Vertex. of the cone. A geometric Hescriptlon shOxild be' sufficient. If 
•^>oC., then the vertex is the/ only point of tile Section.' If = oC , then 
the section ls*a single elem^Vdf the cone^that Is, a line. If 0 <oC,'the 
section is the union of two elaments of the cone, that is, ' the \mlon of two 

Intersecting lines . ' * \ 

• * * ^ /• 

Some sections of <the -surface called a* right circular cylinder are sec- 

tions of rights circuls^ cones. The exceptions ape ^ose sections obtained by 

a cutting plane parallel to -tBe axis of th$ cylinder, With distance froa the - 

axis less than-the rddius of the cylinder. (The plane may contain the axis.) 

taiese sections are the union of two parallel lines- Though not obtainal^le as 

sections of cones for algebraic reasons they are included aniong the degenei^te 

conic >stct4ons^ • , ' * , 



^ S7-5^ 6eometric Propert ies of the Conic Sections ^ , 

. 1 ^-r^ ■ ■ V ^ 

^ From our conpic^feration of the ccmic secticjgis so far we laay make certain 
> genei^l obBervations^ 'If ^ (in radians) or 90 (in degrees"), it is in- 



' tuitively obvious and sot difficult to prove that this. secUon is a fircle. 

rt ■ " • ' ' ~ 

If p' 'r*)S '>«< , it iB ap^rent that the "plape cuts every* element of one nappe 

# • ' . . . ' (' ■ ■ ■ 

and that the resulting section la a closed curve. If jS^ ot , the plane cuts 

j> but iKDt ail, of the elements of orie nappe., liastl^, ±f '/3 <roC, the plane 



cuts sopie, bu t not aH thi elements of each nappe aiid the curve has two dis- 
tAnct ba::ancS"es . ' . • ( ' ^ 
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Bu^ <|| continue our study we need itore inSFbnsatlon. We consider Hgure 
S7-2«. W£^^ given A right circular cone with vertex V , ; & , and ele- 
pentaa . E is a cutting.* plane, not containing V , with' an acute 

cutting angle • OSi^ c<Maic' section is the curve • de tangent spttere 
l^th center 0 is tangent to the c»ne in circle^ o and to the cutting plane 
l^\t point F . * 
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Figure S7-2 



Let G be the plane cdntalning circle c . G is perpendi^cular to the 
8 a , and since E is assumed not to be perpendicuOsr to a , G andi E 
mXBt fom ft dihedral angle with edge d . . The plane angle of the dihedral 
ang:|^,is ccmpleanentary^o the cutting angle and has measure (g - ^) - 

lat^^^b^^ point of ttie conic section s . The plane containing P 
and perpend^ul& to'' ^d^ '^ititeitetect*- tiuk- dihedral'angle in a plane angle of the 

, dihedral angle which has vertex C and measure (| -/S) • A be the ^ 

foot of the perpendicular from f .to the other side of the pjane angle. ^ 
is perpendi,cular to G ajjtd is a right .Wiangle. Since ^ 

m ZPCA =1(| , m ^APc\^ and- * - • 

'i ' ' ' 

• We ol)served that' ^ ws^ perpendictLULT to G . Hie axis a is also . 
' ' ' - ^ - • . i^. ' ' . • ' - 

perpendicular to G , so a ard\^ iCre parallel^** Consider the*el^ent of . 

the cone PV >^ich intersects the circle of taiigency £ in pomt B (which 
is in G) . Since 'the tangent sphere is between V < and the cutting plane, B 
is between V and P 1 The elemental ahgle and ^ APB are a pair of alter- . 
nate interior angles fomed by a trsuis^ersal of two parallel lines, and conse- 
quehtOy^ m ^iAPB -cC . AAPB i# a right triangle^ aiKi ' J 

(2) , ^ ' T^f^ ^t[fS} ' ' ' 

Both PB and^ PF are tarfeent segments to the sphere from the same point 
■and hence d(P,P) d(P,B) . Substituting in {2} , wgobtain ^ ^ 




d(A^P)/ ' • ' 

(3) . = dtft?r • 

Dividing (TT' by '(3)^ we, obtain ' - , . 

^'.^J- ^ cosoc d(P,C)^ . . . 

.•Since ;both /9 and oC .are constant for a given conic sectit3n,^this cluo- 
tlent is a constant. 3t is'^lled the eccentricity of the conic sQction.and 
is denoted by the om^^ Iptter e ^Geif»iietricaaj> this ineam; that for any ^ , 
point of a given conic sectj^on the ratio, of its d^tance frtmi a well-defin^ 
point to its distance fr^ a ^wcill-def ined line i^ a^constant. Both t|ie point. 
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5ihlch l8 called the focus or focal ^Intt and the line, viilch is called the 
directrix J lie In the plane of the conic section • Since ve have taken iK^th 
the elemental angle ^and the cut^^lng angle to be the m^sures of acute angles, 
the eccentricity e vlll be a positive real nuzober. * 

We have observed that it is perfectly possible for the cutting plane E - 
to be perpendicular to the a3d.s of the cone. In this case E and G are 




parallel and the section has no directrix. It does have a focus ^Ailch l^^^e 

Intersection of the cutting jlane and the axis. Tte section Is a ci^r^le and 

tbev center Is at the focus; if U is the fociis, then the radius of^the circle 

■ ■ * ■ * I J- 

is d(U,V) • tanoC • In this case the expression for the eccentricj|ty would be 

cos(^) 

■ • which is zero. 

Since this is distinct frop the other cases , wte may accept it without 
inconsistency. > 

observe that if | >fi ><< , cos ^ < 6oso< ^xA e<l^lf /8 = «<, 

cos^ * cosoc and e = 1 ; if 0 < /S<oC , 1 > qob/3 > cos<i< and e > 1 . 
We take these projpertles to be definitive for the conic sections. ^ 

PiSi?^XJU.TIQ!S > Oiven'a 'conic section wl-Ui eccentricity e : 
- The conic section is an elHi^e if 0 < e < 1 • 

The conic section Is a parabola if e = 1 • I 



The conic section Is a hyp^bola if e > 1 . 
The conic section is a circle If , e ^ 0 . 

On the other hand, we have shown th,ey may be described by their geometric 
properties. A circle is the locus of points in a plane at a given distance 
from a given point., caH^ the center] 'an ellipse is the locus of polirts in a 
plane such that for each point the ratio of its distance, from a given point to 
its« distance from a given line is;a constant ^ich is less than, one;' a j^rabola 
is the locus of , points ia a plane such "that for each point the ratio of its 
dlstanfe ttxaa af given point to Its dlstanee from a gtven line Is onej a hyper- 
bola la the lociis of" points in a plane such that for each point the ratio of 
its distance from a given point to its dlstatice fhm a given line is a constant 
irtiich is greater than onet 
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Exercises ST- 



1* Prove that if a cutting plane Is peri^dlcular to the axis of a rlj^t 
circular conej tHen the siihere of taogency is temgent to the plane at a 
point on the axis* Prove that in this case the conic section is a circle 
which centers on the axis. 

^2* In Section S7-3 we^dlscovered that If ^ * there exists a second sphere 
/\ of t€U3gency such that its center is on the other side of the cutting plane 
from the vertex. Let this sphere "Hb tApg^t to the cutting plane at F' • 
Prove tjiat if P Is a point of the section^ then d(P,P) + d(P^F») Is a 
fixed constant. In other words ^ prove that^an elUpse is the locus of 
points in a plane such that for each point, the sum of its distances from 
two given points in the plane is a fixed constant, (Hint: Ih Figure ^7-2 
the second sphere liefe below the cutting plane; let be its circle of 
tangency* Let be the intersection of VP and • Then prove 

%t d(P,P) + d(P,F') = dCB^B') . ^en prove that this distance is the 
same^fel" all P . ) f ^ 

3. In Section 57-3 we discovered that if ^ < «^ , there exists a second 

spWe of tangency such that the vertex lies between the centers of the two 
spheres. Let this sphere be tangent to the cutting plane at F' . Prove 
that if P is a point of the section, then |d(P,F) - d(P,P')1 Is a 
fixe* constant. In other words prove that a hyperbola is the lo<^ of " 
points in a plane such that for eacb point, the absolute value of the 
difference between its distances from |po given points in the plane is a 
fixed constant, fnintr In Figure S7-?, the second' sphere lies within the 
upper nappe of the cone; let be its circle of tang^cy. Let B* be 

■ . Then prove tha-^^ 



the intersection of and 
(d(P,F) - d(P,F')| = d(B,B') 
for all P . ) 



"Dien prove that this distance is the same 



Let C be a circle contained in a plane E . 'Hie union of the lines 
perpendicular to E which contain ixjlnts of C is a right circular 
cyllnd,er » The lines are called elements of the cylinder; th6 circle is 
called a directrix of the cylinder. Prove that the sections of a right 
circular cylinder are ^onic sections. Show that in the case of the right 
circular cylinder there are also spherd^ of tangency (i.e. -Ungenl to the 
cylinder in a circle and ^to the cutting plane aj a focal point of the 
conic section). • * 

In general, the sections of any. cone or cylinder, with a conic * 
section as directrix^ are also conic sQctlons* - 
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Part 2 . ■ 
THE GBSH^AL SECOHD-DBGREE l^TION 

S7-6» The General Second-Degree ^[uatlonj Rotations and Translatlona j 

The conic sections which we have studied have been represented in 
rectangular coordinates "by second-degree equations in two variables. It seems 
natxxral to alsk whether all equatlpns of second degree in x and y have 
;ioct which are conic sections. In-'its most general form such an equation may 
be written as 

(l) Ax^-f Bxy^^ Cy^+ Dx + ]^ + F = 0 , where A , B , and C are not all zero* 

T^s general form may be difficult to identify, but s<xae techniques which 

we have used in. the preceding sections will permit Us to siiirplify it. The 

major stusibling block ds posed by the xy-texm. The only previous equation 

containing an xy-term, which we have considered in detail, was that of an 

equilateral hyperbola. We also have another equation for an equilateral 

•22- ^ 
» x y 

hyperbola. Let us consider the graphs of xy = 1 and of - = 1 . 






2 

X 

2 



2 
2 



Figure/S7-6b 

The gfaphs of these two equations seem remrkably similar.^ Not only are 
the asj^igjtotes perpendicular in each case, but also the transverse axes ajje 
congtuent. In fact, it^xild appear that the graph in Figure 87 -6b my be 
obtaineS fixaji that in Figure SI -6a by a clockvise rotation of axes tlirough an 

v.. , . ■ 
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angle of • The first equation contains an xy-term, while the second 

does not. The suggestion is that a rotation of aixes as described in Section 
^-fl ii^;.ght result in the elimination of the xy-term. . It turns out tl&t this 
is the case^ but we are now faced with a second question. What size rotation 
should we consider? Iiet us consider the effect of any rotation of axes on 
the general second-degree equation. We recall that the equations of 
rotation are: * 

X = X* cos 9 - y* sin 0 ' * • 
y = X* sin 0 + y' cos 0 - ' 

. If wp 'substitilte these values in Equation (l) and expand, w? obtain. 

Aix^ cos 0 - 2xV sin 0 cos 0 + y' sin - g) . 

/ • 2 ^ '22' 

+ B(x' sin 0 cos 0 - x'y* sin"" 0 + X'y** cos 0 y' sin 0 cos O) 

/ + C(x'^ sin^ 0, + 2x'y* sin 0 cos 0 + y'^ cos^ 0) + d(x« cos 0 - y* sin 0) 

^ + E{x' sift e \y' cos 6) -I- F = 0^ - ^ 

Howey^r, ail we want to know is the coefficient of the xfy' -term. This 

• ' ^, 

is. • 'v ' ' . . . 

V p 2 ' 

-2A^sin Q^'cos :0 + B(co6 0 - siJ^ 9) + 2C $in 0 cos 0 . ' i % 

*If this qpefficient is zero, Jhfe transformed equation will not contain any 



I 



x'yNtersB. * If - PF ' ^ 



9 



then 



-2A sin 0 cos 0 + B(c08^ Q - sin^ 0) +^ 2C sin 0 cos 0 = 0, 
•'B(cos 0 - sin 0) 2(A - c) sin 0 cos 0 . 



^ We recall that cos^ 0 - sin^ 0 := cos 20 ^ and that 2- sin 0 cos 0 sin 20 



3?hus we may write 
or, if A 



B COB fjf^ -' C) Bin 2d * 



B sin 20 



A - C cos 20 



or 

B 



* - ^j^. tan 29 



• If A = 0 , then 



or 

'1 ■ 
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. B c®s 2^^ - 0 

• « 

• COS 20 = 0 . 



• . i \ •■ ■ ■■, ■. ; L. 

(W6 recall that if B were zero, we would not haye to go to all this 
trouble,) In Mther ease, all v^require is 'a sin^e value of 6 ^thich 
satijsfies the appropriate 'conditiok. If' cos 26 = 0 *29 may be 90^ ; 



A 



thus 6 may be . . If tan 2fi ^ p^'S^Q > which is not zero, we recall 

* ■■ . ' . 

that the tangent assumes €lL1 non-2^ro real valuies once and only on^ce between 

0^ and 180^ • Thus, there' exists a unique acute angle 0 such that 

Thus we have shown that in every case' in, ^diich the second-degree 
equation has an xy-term, it can be transformed, by a rota tion of *laxes through' 
a unique acut6 angle, to an equation without an >cy-term. ^^transformed 

' 2 2 ' 

equation has the form . A*x» +-C*y» + D'x' + E'y» + F' = 0 > or, dropping the 

9^ — ^imes, the form ' > • 

(2) Ax + C?y +Dx + iy+F=0. (A' and C are never both zero.) 

Now the equation is in a form Tdiich Aay b'e identified more easily. We have 
already developed techniques for simplifying equations of this form, 'It Is 
proper, to drop the priiaes only i^entthe form of t^e equation is being atudied. - 

i 2 
If Ad is not zero, we first cc^lete tbe^, squares for the x - and 

^ 2 

X- terms and y - and y-terms to obtain ' , 



or 



Now a traM^ation of ojces, as introduced in Section 10-2 and described by the 
equations 



, E ■ • 

;. y - y' - 5c ' ^ 

gives the transformed equation ^ ^ 

* » 

in. which the primes, ];iave been omitted for 'simplicity. 
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negative and LaW. ^ ^ 



We reco^ze thaf^if AC is negative and '" l iAb ' ^ ^* zero, 

or If. A, C, and ^ ^ / "^^ ^ positive or b11 negative, tte 
transfpT^ ei^tion is the feguation of a conic section. If A e^vials C, 
th% ronic secticm is a air^ei if AC is positive and A is r^t equal to . 
C. the conic section is an ellipse J if* AC is negative, the conic section 

\b an by]^erbola« | 
• • • ' 

We mB% also cpnsider. the case in vhich AC » 0 in Squation (2). 

Suppose A is zero- Then 'c is iwrt zero, and ve nffly cong^lete the square ^ 
fbr the jr^- aid y-terms. ^Equation (2) is now 



9 



Cy^ -4- Dx + ]^ + F = 0, 



which hecomes . 



^ Cy^ + Ely = -nx'- F 



or 



or 



^ translation of axes described by the equations ^ 



gives the tfensfoinied equatio^i ^ . ^ 

2D. 

» y = - Q« • . •» 

We reco'gnize this. as the equation of a parabola, Vlth the vertex at. 
th^ origin an* the axi9 on the x*axis. 

If C is zero, a similar development jnay be made* The resultingv 
equation will again be of* a parabola vilh the vertex at the origin, but the 
axis will be on the y-axis. ^ 
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BceVcises ST-6 



1. Through irtiat angle mxBt the axes be rotated to eliminate* the xy-term 
from each of the folloviiig equations f . ♦ 

(a) - Uxy + ky^ - U x - 7 - 0 



(h) x^ +^1^ xy - 3 = 0 

(c) x^ - 3xy + - 9 = 0 

(d) x + 3xy -x+y^l=0 . 
(e\) + xy^+ - 2x - 2/3 - 16 = 0 

(f) 12xy + 9y^ - 2x - 3y - 10 = 0 ^ ^ 

2.\ For each of the following, siii^jlify the eqiiation, identify the conic. 
^ section, and draw its graph: 



•(a) 


5? - 6xy + 5y - 8 = 0 . 


m 

- u = 0 

0 

♦ 




M 
(c) 


5x - 6xy + 5y. l^x + i^y 
7^^ + ^ xj' + 5y^ % 16 ^ 




(d) 
(e) 


3x^ +'-2xy + 3y^ + Ux- +. ky 

2 2 * 
X - 6xy + y . + ikx + lOy 


+ Ik ^ 0 




(f) 
(g) 


2 2 
llx + 2ifxy + Uy - i^lfx ^ 

2xy + kx ' ky - 9 =^ 0 




> 


(h) 


2 2 
9x - 2lfxy + 1^ •+ 90x + 

m 


( 

130y ^ 0 ^ 













Tijis treatment of the quadratic equations which describe conic sections 

^ has been solely conceipied with techniques ^aployed in simplifying the 

equations. It is in5)ortant that we also consider what we have done from a 

geometric point of yiew, ^ , 

'..^^ i^.^^.*- ' f — - .... 

In Section 6-2 we have stressed the importance of recognizing sytmnetries 

in figures,' both as an aid in the sketching of graphs of equations and as a 

guide in the selection and orientation of (a coordinate system to descri»be a 

gimph by an equatlpn. In particular we^ave (Considered axes of symietry and 

points of symmetry. We have obseirved that in rectangular coordinates the 

y-axis Is an axis of symmetry for a locus described by f (x,y) = 0 ij 

f(x,y) ==*f(-x,y) and that the x-axis is ^ axis of sytnmetry if 

f(x,y) = f(x,-y) - The origin is a i>oint of symmetry if f(x,y) = f(-x,-y) 
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The origin is always a point of symn^try if both the X-axis and the y-axis 
are axes of syrmne'^y. However, the conyarse of this last statement is not . 

true. (Oonsider y = .1 

It «was in Sectibn 10-2 that ve first overtly considered translations 
of axes as a means' to simplify the analysis of the graph of Ein equation. 
However, ve have really used this technique before. Do ymi recall that in 
Chapt€ir 2 in o\ir discussion of diirectlon angles and directfion cosines for a 



line >re found iSikonvenient to consider a parsuLlel line through the origin? 

In our rather mechanical treatment 'of quadratic equations in this 

sefction we have been guided by symmetries in, the graphs of the equations. 

<* , ■ • 

The rotations of axes which we performed in Section 10-3 loade an axis of sym- 
metry parallel^ tio a coordinate axis* GSie translations of axes made a point of 
symmetry also* be the origin. (In j;he case of the pai'e^ola there is no jKJint of 
•symmetry. The translation of axes made the vertex be the origin as well.) 

It i§ possible to describe points and axes of synmetry quite generally. 

DEFXNITIQIiS . Let S be a set of points. The' se^ents Joining 

■ - - ^ 

points of S Si^ chords of the set- If there exists a point 
P such that, for. each point X of S , the segment with end- 
point X and mid-point P is a chord of the set, then P is a 
* point 'Of symmetry or center of S . * 

w het S be a set of points in a plane and let L be a line in i^ 
the plane. ^ If, for every point* X of S , the segment which 

^ (i) has end-i>olnt X ^ ^ 

(ii) is perpendicular to L , ^ - 

and (iii) has its mid-^oint on L , 1 
is a chord of S , then L is an axis of symmetry of S • 



\ 



^S7-7.' The General Second^Degree Equation , Translation and Rotat ion ^ 

. In simplifying second-degree equations, it is In some cases more con- 
venient to translate the axes first to eliminate" the .x- and. yrterQis-. Then 
we rotate the new axes to elfiainate the xy-term. ^ 



'If we start fiiged.n with Equation (l) of Section 37^6 ^an& use the equatib^i 
of translation 

X X* + h ^ 

y = y» -h k , 

wtf obtain 



2hx* h^) +. B(x\y* .^x* + hv' + hk) 0(y'^ 4- 2ky» + k^) 
+ D(i» -h h). + E(y« k) + F =p^0 . 



If* ve collect terms, this "becomes 

(l) .Ax^^ -+ BxV' + Cy'^ (2Ah + Bk + d)x*'+ (Bh + 2Ck ^)y* . 

^ * ' H + CAh^ + Bhk > Ck^ + Dh + Ek + F) •= 0 . 

We note th^t the coefficients of the second-degree terms vill not be chfcihged 
"by a ^ranslation of axes* If ve can fjjiffd values of h and such that i 

2Ah + Bk D = 0 * * 

and Bh + 2Ck + E = d ^ 

^we shall "be a'ble to su'bstitute these , values in Equation (l) to obtain a 
transformed equation free of first-degree terms . We c;an solve this pair of 
equations to obtain ^ * 





-D 


B 






2A 


-D 


h = 


-E 


2C 


^ and 


k = 


B 


-E 




2A 


E 






2A.' 


B 


1 


B 








B 


2C 



2A B 

t 

E 2C 



= i4AC - 3'^ 0 



The determinant 6 ie »f some interest in the analysis of the second-degree 
equation and is sometimes called the characteristic * 

You should sense that, |hen it is possible, it is eefsier to translate' 
the axes first and then perform a rotation of. the new axes. T}^ fewer teims 
there are in an equationV'ttte- easier it is to pei^orra a rotation. However, 
If the characteristic is zero, we t;nnnot find the appi-opriute values of h 
and k . We have no choice but to follow the proceti^re of Section 6-8. , 



i 
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If the characteristic is noV zero, the transformed equation is 



wher^ 



Ax«^ + Bx'y' + Cy'^ + F' = 0 

P P 

F* = Ah + Bhk + C!k + Dh + Ik + F . 



It is easy to reme m'b p'r what F' is if you notice tlmt when represent the 
original equation by f{x,y) = 0 > then F' = f(h,k) . 



tecercises S7-Ta 

1. Find \i. and k such that a translation of axes described by 

^ ■ - , ^ { 

• . ■ ■■. . , = X + h 

. - ^^^ • . 

....... ' ;y'*^.= .y + K 

..,»•-.''' , - 

vill eliminate the first-degree terms of • 
" . ^ iix^ + - 8x + + U = 0 - 

Verify for this case thatithe constant term in the transformed equation 
is equal to f (h,k) • 

a. Transform each- of the following_ equations by first translating the axes 
so as to elimijiate the^f ii^t-degree tems.\ Then rotate the axes to 
renioVe'^'tKe xy-term. Sketch the curve, ..-^^ving old and new axes. 

• (a) 8x^ - Uk/ + 5y^ - 2i+x + 2ky = 0 ' •' " 



+ 22y - 53 = 0 



(c) 7x^^'-"2Uxy + 120x + - 0 



Once again it's important that we consider "this method of simplifying 
the second-degree from a geometric point of view. Why^ can't we find an 
appropriate translation of axes when the characteristic is 2ero7 You should 
Recall 1fhat in the previous section we obsei^d that the translatic^a of axes 
ma^e^^the new origin a point of symmetry. Our search for values of^ h and 
k i& in fact' a search for the coordinates of a point of symmetry. Since the 
^parabola has no point of syinmetry^ the characieristia of its equation turns 
out to be zero* The converse of this statement is laot necessaMly 
we shal\'defer the consideration of this question. 



.ion turns 
^ true, buy 
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If We approach the analysis of ^ the second-degree equatloA from a geometFic 
•point of vijBw, we can develop methods which" may be applied to more coinplipated' 
problems.^ a. / ^ 

First we observe that if a set of pointB drx a plane has an axis of sym- 
metry, then the axis of symmetry is the perpendicular bisector of chords 
^oii\J.ng pairs of points^ of the set. In fact, every ppint of tli^ set is an 
eiflpoint of such a chord. We have already noted that tha equation of a locus * 

"^is frequeijtiy siigJlif ied if an axis of syimnetry of the locus- is parallel to 
one of the coordinate axes. We* shall first find an axi& -of synmKtry for the 
grap^ of * the second-degree equatflon and then rotate the axes to make one of 
them parallel to this axis of symmetiy. Since the chords in the definition 
of an axis of symribtry.are all perpendicular to the axis of syimnetry, they 

^ are parallel to each other. Tljen the line«f-ti€termined by the i^hords have 
parametVic representations in terms of a fixed pair of direction cosines 

Let (xSy') be the midpoint Of a chords 'Then the parametric 
i^epresentation of the line containing the chord is ^' 

When (x,y) is an endpoint of* tfae chord, "t'he coordinates should '(satisfy 
the sepofid-degree equation • If we substitute the parametric representation 
of- the endpoint in .the second-degree equation, we obtain 

A(x'^ + 2>tx* + >?t^) + ?(xV + titx^ + Hy» + 

' .+ C(y'^ + 2^cby' + M-^t^) + D(xV + ■ t) + E(y* +,^) + F = O . \^ 

If we collect terms in t ' , At and . ^ , we obtain 

(2) B?^^ + ^^^^ + (2Ax'"+ Byk + D)Xt + (Bx* + PCy' + E)^it 

+ (Ax^^ + Bx»y' + Cy^^ -H»Cbc.l^+ Ey' + F) - 0 . . 

Now we ob*5er\^e that both endpoints of the chord must .satisfy the equ&tion. 
Furthermore, if t^ is the -val^e pf the parameter at one endpoint, -t^^ is 

the value of the parameter at the other endpoint,^ This must be the case foi'' 

any chord .and -any- equation. This implies ''that the form of the equation in 

t must always be • . '"l ' 



Thus in Eqtfetion (2) tij^ coefficient of , or ^. . . 

'(3) *. (2Ax' + By' + + (B?c* + 2Cy' >'E).tX , 

nnigt be zero. Koir \ . aiid p. are fixe^ f^|^IlrpartiCTila3\/econd-degree . 
equation,' but x' and y' are variables, designating the coord4.nate8 of 
the midpoints of the chords perpendicular to the ajcis of symnetry. &it the _ 
' midpoints of the chords ar« on th^ axis of Synmetry. Thus the condition on 
Expression (3) written as a linear equation in x» and y' is the eq^iation^ 
of the axis of symmetry: 

; ' 

(h) i2AS + Bli)x' + (B>^ + 2CM.)y' + (D>^ + Ep.) = 0 ^ 

This eqiiatibff is In the general form. Hence, (2A>^ + By,,B\ + 2Cii)J is a 
pair direction numbers f9r normals to the axis of syuaaetr^f. But so is ^ 
( . Therefore, for some non-zero real number 1? • 

* (5) ' , - 2A> + = k>, ' ^ * ' / ' * . 

and • BX+-2C^L - k|X . ^ ' » - • - 

If we sorVe thb second equation^ for ^ we obtain 



We substitute In the first equation, which becomes 



or 



/' (1|AC»- 2Ak - 2Ck f - B .0 



^ Noweither or the coefficient must be ^ero. But if' > were' zero, ji 

vould also be zbro, which i&rimpossible, since* i^'a pair of direction' 

cosines and }^ + = 1 . JWierefore, » ^ ' ' , 

* ' . ' -* • ' i 

(6) ) k^^'\2CA +C)k + (kAC - B^') = 0 -'"^ \ 

Equation (^6) is called the characterlsti6 equation for 'the given secoi*r 
degree equation and its rC>ois are called characteristic^ valued 'for the ^ ' \ 
quadratic equation. We note that the sum of the^^rpots is ?(A + C) while ^ 

the product of the rootr/ Ib UAC - B' * 5 $ the chairacteristic of the 

• - 

quadratic equation. - ^ . ^ ^ ' . ' ' 



. « ■ ■ 
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We may then solve Equation (6) for k and substitute these values in' 
Equations (5) to detemine the pairs of direction cosines i'h ,\^) . These ^ 
pairs olf .values may then be. substituted in (4) to obtain the equations of 
Aes of syimaetrj/- • We note that if the characteristic is zero. Equation (6) 
Ijas only one noij-zero root. In Equation (5) k must be non-zero; hence, 
only one pair'ol* direction cosines be obtained, and the graph of » the 

* quadratic equation will have only one axis of synmietry. This is consistent 

> 

%rith our previous observations that the i>arabola hks only one axis 0/ 
symmetry and that^ the characteristic of its equation is zero. We also note 
that the characteristic equation will have equal roots only if 

(A + C)^ = kAC -B^ 

or . , - A 2AC + C - IfAC - B , 

or ' . A - 2AC + C = -B 

* or * (A - C)^ = -B^ . 

- . ? ■ ' » 

This may only be true if B is zero and A equals* C When this is the • 
case, you will rej^all that the graph of the quadratic equation is a circle. 
Equations (5) are satisfied by any pair of direction cosines/ and there are 
infinitely "many equations (U). This' is not surprising inasmijch as every 
'diameter of a circle determines an axis of symmetry. It is a fact that the 
characteristic equation of a quadratic oquation always has real roots. 
^ Furthermore, if these roots determine two axes t)f symmetry/ these axes a're 
perpendicular. We are familiar with the fact that the internection of two 
perjpendiculai!^ fixes of symmetry is a point of r.ymruotry- Thin r.up-^estr, one 
way to find u point of symmetry. " , , ^ ' 

Wo roay also discover points ofsymmetry from the dtefinltlon of point of 
'symmetiy given In SectlonjS-S and from the conditions on Expression (3)^ above 

(7)- (PAx' f By* + D)a 4 (Bx' f.^Cy* + K)[1 . 0 . # 

You should recall that (x%y/J is the midpoint of a' chord of the r.raph 
while (^X, |i) is a pair uf direction cosines in the parametrl d reprcsen-' 
tatlon pf the ci-iord. When wc wanted to I'lfid an axJ^s of symmetry^ A and 
*LL were fixed while (x/.y*) wafi variable. However, here wv war4t t,o find a 
Afixed point (x',y') which will nati^^fy Equation (?) for all puLft-, (A,^.) . 
■^hlB will be the canei only' if tVie c»eff Ic Crntn of A nnd 'jj. are both i^em; 
that is, i'f , • >••*■' -4 

(B) • PAx' + By' +^ D - 0 • 

and Bx' f ?Cy' f E r!- () , 
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A solution thf s palt of equations vill be a point of synanetry or center 
of the graph* of the seconds-degree equation. * The i>air of equations wlU^ have 
a unique solution if ^ - \ 



2A B 
B 2C 



= liAC - B^ =i 6 0 . 



Sxaaip^ 1. Find the axes of "s^W^'try and. center of the graph of / 
8x^ - 4xy + - 36x + l8y + 9 = 0 . J ' ■ 

Solution . TJhe characteristic equation [Equation iwj] becomes 
. - 2(8'+ 5) -H ki8)i^i - (l^')^ ^ . . 



or . - 26k + = 0 ^ 

or • ' ■ (k - 8)(k 18) = 0 . 

The cKaracteristic values ore' 8 and^"l8 . Now Equations (5) become 

and ^ 

(-U)X + 2(5)^1 -^^i . " (-1^)^ + 2(5)n = l8n 

or ' ■ . ■ ' y 

8^ - If p. - 0 ?}{ + ^h[i = 0 ■ 

and ' / V 



These pairs of equationG a?e dependent, hut since X~ + (J.^ * = 0 , we* may ( 

' / I * L \ ' /-2 iV* 

obtain the Rolutionc ( — , — V and [ — , — j . 1 

If we substitute these values in Equation (h) , ve obtain the equations 

of the a:xes of syrametry:* ' - " . 

t % .... f % 

[2<8)^ f (A)i^]x f [(-1^)^ + m)~:]y +■ [(-36)^ +.18^^] = 0 

or »- 8x + l6y - 0 

♦ 

• or , X ;'y ^ 0*. 

[2(8)(i^) 4.*(-iO^]x +• r<-U)(^) ^ 2h)My + (-i6)(^) +18- ^ 0 



hnd 



or 



ur Px - y - 5 =■ 0 . 
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• . . / • i « ■ ' . ■ . V 

iEquatiofle (8) will enal)le us to find^the center.. Th^, pair, of equations 

; ' ^ 2(8)x + i^h)y +'(.36) =0^. , ^ 

. • / . (-'^)x + 2(5)y + la = 0 



or • 



# 



^ -l^X + IQy =# -18 

has the unique solution (2/-I) . The pfeipt is the center or iKDiivt of sy^-i 

metry for the ^raph. He note that this point ,is*also the intersection of the 
ax3s of syKffletry*. ^. ' * ^ ^ * > 



1^ '\ 

Exercises S?--7b 



•/ Find the axes ^f symmetry and centers, if any, of *the graphs: 
1. 'xy + 53t-2y-10 = O 



2. ^ + xy -"^^ + 7x-^ + 3 = 0 



\ 

Degenerate cand Jjnaglnaiy Conies ^d the Discriminant A > ' 

In OUT treatment pf the second-degree or quadratic equation in the 
previous two ^^ctionj^* ve have restricted our discussion to ^uations Vitli - 
graphs vhich are p^^per conic sections* We have nsde certain restrictions ' 
on the constants, of the equation. In this section we shall relax these 
restrictions and^Vonsider the^locl, if any, of- the resul"ULr^ equations • We 
shall also develop means of identifying and classify-ing the 'iratjlou^ 
, possibilities. We -have already encountered the degenerate conic sections 

j — W ^ — _j 

yhose graphs are single points^ or pairs of lines which . mfey^ be parallel, 
concurrent, or boincidentp We have also considered equations whose loci are 
earpty, but ^\rtiich are called imaginary circles and imaginary ellipses because 
of the fontl of their equations. 

In Section 6- 3 we have considered the problem of factoring ftmctiQns. If 

we canr factor the left member of the equatl^, 

p P • * . . 

(l) *Ax +Bxy + Cy " + Dx+ Ey+ F = 0 where A , and C are not jall zero, 

into two linear factors, we would, know tfhat the *graph is the union of two 
'lj.nes, Undet what conditions 1 is this expression factorable? You should , }^ 
recall that quadratic ^quationsT^n a Bingl^, variable often may be solved b^^^ 



faotoring the qjiadratic expression^ into linear factors. SucD an equation 
W always be' eolved by con^jleting thf sqfiare or by using the quadrate . 

fonmila^ vhich is- equivalent *to completing the square. Ii> all likelihood on 
. s«r^ odcasion^you have failed to! "detect the Jirte^^r factors in the quadratic 

mU^r of an equation- and "iiave resorted to the quadratic formula, only to 

discover, that the equati-on really could have been solved by factoring: . This 
;.augse6ts'.that the' quadratic formula may be att iU in finding linear- factors, 
* iji'faot;.the, quadratic expression ax^ + bx +' c -may always, be expressed as 
< t!he product of linear- factors as 



Six'' + bx + c ^ a 



■ilM^ billow the use of complex numbers when necessary. * 

How Equation (1) may be considered to be a quadra^ ^equation in , x 
if, A is not zero,, or In y • if Vc is.not zeco. Let us ase-ume that C is 
not zero and write Bjquation (1) as ■ . 

.(^,) " * Cy^ + (Bx + E)y + (Ax^ + Dx + F) 0 , C ^ 0 - . • ^ 

Then ' ,^ < . ' 

. ' » ' -(Bx + E ) -f-^(Bx + E)^ - UC(Ax^' +'Dx + F) . 

(3) - ^ .?c ^ ' ^ 

■ . ' • \ ' ' 

.The discriminant, involves termn in x^' and x , if it is a perfect 

square,' wc mv eliminate the radical to Attain two ,exprer,niopr. for y , say 
a and , which are linear In x (i.e. a and 3 ^Invblve tfnly x to 
the rirr.t' power and ^ariouu oonslantc) . Then Equat.ion {?) and, if C ir,. 
not zero. Equation Jl) nuiy br'writtn^i as , , ^ 

• (JJ) . C(y - a)(y - ^3) ; 0', 

whert- the racUifr, cf the left mmbrr' nrb *! incar In x and .y . The r.raph 
of .EquatU..^ ().), and cony^qucnll:y of^EquaLIon (?) , ir, t,ho union of the 
{.'iraphs 'of > 
- J ,y - a - 0 

■ ■ . _ ^ .. o , . • ' ; 

* • \ ' * 

which are liner.. Howevor, the conclusion of thir. arr,uincnl does not hold 
unless the discriminant of Equation (p) lr> a perfect, r,qu»lre. The discrlm- 

(Bx t E)' - )tC(Ax' f Dx + F) , ^ 



.HI 
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as seen in Expression is) , or , 



as see 



'A^alrx ve 'maKe ,\ise of the quadratic fomaila as an aid in factoring. 
Expression (5) be a perfect square 'if and only if the roots of the 

are equal. These roots vill.be equ^l if ^nd o\ily the dis^Mrainant of 
•Equation /(e) is zero. . This ^l8criinina^*is 

- - h(jt^ 



(*'^ - 4AC)x- + 2(BE- - 2CD)x + (E^ -^1<£F) = 0 \ 



■4 (-BE 



•\ ' V.,.V^ J 
Which wVU be z^ro if* and ojily Xf 



or 

or 
« 

or 

or 
t 

r 



B^E^ - l+BCEE + kC^lF- T. B^E"' + liB^'^CF + kACE^ - 16AC^F = 0 

■ • » 

^2C(PBDE - .2CD^^ - 2B^F - 2AE^ + 8ACF>^- 0 \ 

- EAE""' - 2B'Ti' + BDE + BDE'. 2CD =0 
l'A(4CF,- E^)'- B(2BF - BE) + D(SE - '2CD) = 0 



= 0, 





PC E 


1 


B 


D • 




B' 


D 


2A 


/ ■ 

* K 2F 


- B 






+ D 










E 


2F 




2C - 


E 



01* 



2A B D 

B 2C E 
D E PF 



A = 0 . 



This dotemlnant A lr,^lled the dlscriffliyant of the sccond-degt'ee equation. 
If A ^e^o, the roots of Equation (6) are equal and the Expression ("l))^ ' 
which In tiie tUucriminant in Equation (f?) , ir. a^p^fect 5;quarc. Thur; the • 
r.raph of Equation (p) is the^union of two lines; ^-If C Is not zero, this set 
Is 'also the.^';niph of "Equation (l). 

If ( C Ir. zero and 'A I not znro, we oould ^/o throu^^h a similar ^ 
an';ujnei4t, treat liv; the' second- JcMreo equatUn^ a ijiiadr^tic eqUHllon in x. 
yilventuall^wc nhould dir.covcr that if Equation (y) holds and A lb not zero, 
then the Krnph of Equntlon (l) i:; the uni^n of two liner,. Bui E.}uation ( i) 
ic equivalent to A ^ 0 . • . 

,ir both A nnd^ G nrc ^ero, then B nannot be zero (or cSr.c the 
^equation would no Lon/^rr be- of necund deforce), and Equation ) vy^iccv. to " 

Bxy > D^? + Ky ^ F - 0 , B /. 0 . 



!nie graph will be^ the union of two liifts if - ■ 

, ' Bxy + Dx i-.E^+ P 

may he expressed as the .product of linear factors, or as ,B(x|r<- a)(y + 
Kow . - * - * 

g 0 ^ 

Bxy*+ Dx + Ey + F = B(x + a)(y + bj for all x and y 



or 



Bxy ^-Tbc 4- Ely -f F = Bxy Bbx + Bay + Bab for Al^ x and y. 



if and only if D = Bb , E =»'Ba', and F = Bab In this case 
DE = BF or BP Dg^o' . - ; ' 



BF or BP . 

If.,^ppA*^C \ and . BF - DE are all zero, then. 





2A 


B 


D 




0 


B 


D 


A- - 


B 


2C 


•E 




B 


0 


E 






E 


'2F 




D 


E 





I 





D 




B 


' D 




+ D 






E 


\^ 




0 


E 



= -B(PBF - DE) + D{EE) 



•.2B' P + BDE + BDE ^ -2B(BF - DE) - 0 . • ' < 

In suiiAiary, if the* graph of a, second -^egree equb-tion ^ theijinion of 
two lines, then the discriminant zero. Tl-ie ar^ument^^j^^^ich we have . ' 
developed are reversible, althou^ih Jkc liave not attempted to show this here.** 
Hence,* the convefrGe of the above >^ also true^ 'If the discriminant of the 
general £;ecDnd-de^';ree equatiojfr ^ zbro, the left member of the rquation nui^ 
be expressed ai5 tht? product of linear factors* 

We have not considered carefully 'what liner,, if any, th^^ factors* might 
represent. If Kxi^rcsslon i^j) is a peitfect .square, tlMj^^ictorr, arc linear, 



bu'^t suppoue that - hAC , the> coefficient of x^' *,-;;;i^ne(^afavc? We note 

that thic is the condition when the characteriytie b in positive. In this 

case the coefficients in the r.qiiare root ai^^ co^nplex ntmiBorLi, m- ^ire \.\\v. 

coefficients in the linear faclar-r,*. v Wiiat. ix)rt of lijor/' could t.hci^o ffictors 

ponsibly represent? We shail not attempt to explpre ihi.s^ quect ion in detail.^ 

It is GUff Iclcnt for our n(»rdr* to obr.erve thai evrn thour.h the co^f f ic ient;^ 

are complex numbers, there still are real values which nati^fy they i't)rrei- ponding 

ft •» 

equations. For exrmiplo, the pair of pquatlonr; • ' 

i- y + + i)x •- •{ 

• y - (^f - ;'i)x ^ 




0 



.( • 



haa the solution - This is always the case for the linfear factors^ ' 

which we encounter herei. The v^ue of x whJ^h- satisfies Equation (6) is 
real, as ^1^ t,he corresptodlng valujjfof y . • These realj values ar^ the 
^ cSordina*es of the i)oint^^.of intersection of the graphs*jof the corresponding • 
linear equations. Thus, when the discriminant is zero and the characteristic 
is positive, the locus of a quadratic equation is a point • It is not 
possilDle that tl^ linear factors represent dependent or inconsistent ' . * 
equations, for the coefficients of. x and y cq,nnot be propoi-tionaj.. (W>y;) 

If /both the dfsccimlna^it^ and the characteristic are zero, Expression (5) 
, ♦ ^ 2 " * • 

is a perfect square only if it reduces to E * 1|CP • (Why?) 'The locus of 

the equation will be empty,, two coincideHt lines, or two parallel lines 

. according as - 4CF is negative, zero,V)r positive. 

If tfiG discriminant is z€*jro and the characteristic, is negative, we note ' 

that If - iiCF niu5t*b§ non-negative. Otherwise, I^cpressit)n (5)i, would only * 

be a .perfect square if the coefficient qf were coir^lex, Vhich is 

impdrinlble. The linear factors cannot represent dependent or inconsistent 

equations* (l^Thy?), «nd the locus of the second-degree equation 'is two inter- 
im 

secting lines. - " . ^ . • 

• • ■ « 

Example . Find the locus of 2x' + xy - 6y + 7x - 7y + 3 = 0 . * - , 

.» Solutior^ - We deteniine tl^t A = 0 , and seek to ^factor the left 
* member of the equation by grouping the sec'bndt'degree terms. # , ^ 

* ■ Px"" *y, - 6y" + Yx - 7y + 3 

V ^(^^x - iy){x 4--?y) 4- (7x - 7y) + 3 . 

By in<Cpccti^n and trial we dLs cover the factors 

(::x - :-i> +■ l)(x + 2y + '5) • ' - 

i ■ ' - . ' 

Hence the qundrptic equution may be written, . ' 

t 

» (T'x - + l)(x +■ ;>y + 3) ; 

The locun of the. equation 1g two Intornoctlr^ llncG. If we had not. been able 

to filnd faci-orr. i.n ,thii' way, wc could have considered the equation to^ be a 

quadrnlic (equation In one vuriabie, L;ay y ar. above, and <!Ould have used th^ 
quadr/itic fonnula to determine the factorn. • 
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\ Exerclges S7-8 



bff^onic 



1. JpeterMne whether the foilowlng eq^tionq repi^sent degeperater cgnic 
Sections If so, find th^ ij^near factors of the left member a«d, the . 

, graph* ' . * * ' ' - ' 

r . (e) 6xy + 3x r 8y - ^ - 0 . ' ^ 

• (h) 2x^ 4. flxy - x ^ % - 1*= 0 ^ . * ^ ' i/ 

(c) i+x^ - 5xy + 9y^ - r - 0 ' ' ' ' ' ^ 

(d) 2x^ - xy"^^6y^ = 0 . . ' " / 

2. If the discriminant of a second-degree eqiiation is zero, but the 

, characteristic is not zero/vhy cannot the line^ f actcy^s of the left % 
^* member of th^ equation represent dependen€^r inconsistent linear 
^ Equations? / ^ • ' . . 

3. If both the discriminant 'and the characteristic of a quadratic ejuation 
^£ zero, show why Expression ts) nniGt redudiT to E^- ^CF,. Wh^ must 
the linear factors represent dependent or ijiconsistent equations? 



3719*^ InvAri^^ts of the Se cond-Deferee Equation . 

have made many obser^tions 'and devised severe! tests foj the second- 
degree equation. W# have obtained* these results wUh the eqfttion written 
in special forms. We shaU show tliat the values of the characteristic 8' ^ 
an^the discriminant A ,*as well as certain oth^r algebraic expressions, a!re^ 
^ ribt changed by the transforniations yhlch ^ have used. We shall say that 
* these values are Invariant under trdrn^tioil and rotation of jaxes. • 

We consider a translation cff axes ^as described in Sect^n S'J-l, If we 
denote the new coefficients by pMmes, we have ' ' 



« 

D' =■ 2Ak + Bk + D 
• E' = Bh + 2Gk + E ^ 

2 ' .\ ^ 2 



F' - Ah + Bhk^+ Ck > Dh + Ek + F . 



We note thajt A , B ^ C , A + C , and consequently 5 are invariant • To 
shpw that the dlscrimlneLnt is unchanged we consider . 





2A' 


. 


D' 




2A 


B 


2Ah + Kt .+ D 






B' 


2C' 


.E« 




B 


2C * 


Bh 2Ck t E 






D' 


E* 


2F« 




2Ah + Bk + D 


Bh + 2Ck + E 


2( Ah^ + Bhk + Ck^+ Dh+ Ek + F) 


% 

• 



We recall th^t- adding a linear combination of geveral rqys or coliJ^s 'to yet 
'another rov^or column does not cllknge the value of the determinant. We first , ■ 
. try to make the upper right element 'be D ^ We mtiltiply the ' elements of the 

first column by -h , those of the, second column\by -k , and add the sum to ^ A 

2A B * ^ * 



the third golymn to obtain 



2Ah + Bk + D Bh 2Ck + E ^h + 2F 

To moke the iower left el^ent be , we multiply , the 'elements of the first 
row by -h , those pf the second row by -k , and add the ^lun to*^ihe third 
rov. Thus . " )' 



< 



2A B D 

B 2c a 

D ' E 2F 



.and we have shown the di^riminant to be invariant under translation of axes* 

Nqv we consider a rotation of axes a:s described in Sectlon^S7-6/ If we 
denotef the new coefficients by primes, we have 

V 2 . r 2 ' 

A^ := A cos e +r B sin 9 cos 5 + C sin 0 * 

^ •2A sin 0 cos G ^'cos'' e - B sin'"' 6 + 2C sin 0 cos 0' 
. - B(cos^ e - sin^ &i0 P(A - C)sin 0 cos 0 
B con PO - (A - C)Gin 20 

A sin G - B iiln 0 0 +- C cog"|£) ^ ' ' 

D' - D coij (i + E sin- 



= -D sin ^ 4^ E cos £i 
P' - F . 



J 

r \ 
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In this case the* coefficients in 6' and A* become quite conrplicated- We 

will first consider certain simpler expressions involving the coefficffents. 

* # ■ * 

We shall then use these results to prove that* 5 and A are invariant. . * 

We not^ that invariant. A + p is alsf invariant, for . 

^ ',.A' + = ACcoo'"^ 0 ^ sin^ e) + C(sin^.e +'cbs^ B) ^ 
# ? = A + C . , ' 

(A C)'' -fc B'' is invariant, .for " ^ . ' / - 

' 1 I 



A' -'a' ='(A - .Clcos^ 0 2Bisin 0 cos G + (C - A)sin'' Q - 
'= (A - C)(cos^ 6 - sin^'Oj + B(? sin 9 cos 0) 



«. «. = - ,C)/!os 2 0-.+ B sin ^6 '.* ' 

and ■ ' ' , * - • . 

• "(A* - C'f "(A-.- C)'^'cos^ 20 + ^(A - C)gQ6 -20 sin 20 + sin^ 20' ' 

V + B'' cos^ 29 - 2BCA - C)cQS 20 Sin + iA - cf Sin^ '20 

= (A*- C)^(^' PO + sin', 20) + B^(sin^ 20 f cos^ ?0) 

■ * ' * * iA-cf . ' \ ' ■ ■ \ . 

Also D]^ + E' invariant, for 

^ E*^ - D^'cos^ 0 + 2I3E-COS 0 sin 0 + E^'^i 




Now 



+ Kin^'O - 2m cos (} sin 0 ^ cos^ 0 

= (a + C)" - (A - C)^-- b" * ' " 

^'CA f C)^^ [(A - ^ B'^] . 

Since (A^+ C)"^/ and (A ^C)"^ > B'" */irc l^varirint, their difference, which • 
is the characteristic, iu' Invariant under rotation of axeo. 

It rem^i^D *to show that^thd dii:crlminantf A is invariant under 

^olation\ We recall from Section S7 --'8 , Equation ('f) that ? 

* ■ 

^ A 8^ - r^AE'' - PB''f» 4- ifBD^ - yCD'' . 

, We rewrite thit ac ' * ^ 
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or A = 2F{kAC - B^) + 2BDE - (A + cTTE?«+ P ). -" (A - C)(E^ - D^) 



We have alrea/[y\iote^that F t " 

-..and .+ D are 

* ' invHrJaniN^Hphus,, the first an<i third teras are invariant. We still'nrust\ 
sh6w that: > '2:^/^- CA*-:*13)(^r - D ) - is invariant. ^ • 



\ Now 2B*D?pir.i= 2J;B^s Sa - (A - C)sin 20](D cos 0 + E sin 0)C-j) sin 0 + E cos 0) 



. = 2[B 20 -'(A'-G^ETin 20]fc-t)^ sin 0 cos 9 + sin 0 cos +DB(coa^ 0- sin^ 0>] 
= [B co8;^e- .(A -C)&ln 20][fE^ - D^)(2 sin 0 cos 0)'+2I3E(cos^ 0 - sin^ 0)] 

' ■ ^. -• I < ^ ■ ' ^ . ^ 

= >[B cos Sa - '(A -.Ol'iji'^e] [(E^' - D^)sin 20 + 2DE. cos 20] , ' - ». ^ 
S'^ - D«^*=' (-D sin e + « cos 0^^ - CD cos 0 + E sin 0)^ ■ ' * ' . 



J? sin^ 0-2riE pin 0 cos 0 cos'^© -D^ cos^ 0 '-2156: sin 0 cos 0 -Ep 8ln^0 . 



= (E^ - D^)(<ros^ 0 - sin^ 0) - 2DE(2 .sin ^ cos 0) • 



= (E^ - D^)cos 20 - gDE sin 20* , 

I . « 

aijd . 



A' - G' = (A c)cQS 20 + B sin 20 



Thus, 



/ . 
t 



V 1. 



,2B'D'E' -(A' - C')(5'^-D'^) = [B cos 20 (A - C) sia 2'0^]V(E^- D^)sin 20+^DE cos 263 

- [B sin 20 + (A - C)cos 20r[(E^- D^)cos 20 - 2EIE sin 20] . 
^ = cos^ S0[2BnE - (A - C)(E^ ^ D^) ] . . ; 

+ sin^ 2 r-(A - C)(E'"' - D'^)'+ 2BIJE)^ 
' + sin 20 • cos 20[B(E^ - D") - {A - c)(2DE) - B(E^ - .D'^) + (A - C)(2i(E)] 



-- (sin'^e + cos' 20)[2BDE - (A - C)(E^ - D'")] 

' ' = 2BDE - (A-- C)*(E^ - D"') . ■ ■ " 

Thus the discriminant of the second-degree equation is also invariant under* ' 
rotation. ^ • " ' 

We note thgit if the ^hiph'of the second-degree equation has a point q\ x 
syirfenetry, or represent/; a ■ central conic/ then after a translation of the 
'axes >ihi6h , mokes the new origin the. point of symmetry, the new equation is 



for whtbh 



B 0 
0 0 ^ 
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but slnci^ A and- 5 ^fire invariknt under translation^- 



' and the^ tra:psfonjed ^q^^Q.t4^on Is 




S7-10. 

We hav^ shd^.that if the locus of a secqnd-degree equation Is not 
empty, then' the graph is ei*ther a proper conic sec,tion' or a- degenerat-e conic 
section. We havcf developed many methods and criteria f6r analyzing ;j^h 
equa-tloils and have founci certain inv^iants called the characteristic and 
discriminant particularly i^ortant. Wc summarize some of these results 
in the' form of a 4able. ' 





5 < 0^— 


5 0 ^ ; 


6 > 0 


A - 0 


Intersect int'; 
lines 


empty, or 
parallel or 
coincident Lines ' 


point- ell ipse 
or point-circle. 


A / 0 


liyperbola 


parabola 

^ 


circle, ellipse, 
or empty 



Example > Discuss the locus* gl' 



\ 



- Uxy + - ;i6x \' l8y f 0 . 



Solution , Here A - -10,368 and 6 - 1^^^^ . - ^ ' 

• Since' B ^ 0 the locus may not be a circle, ^ut ma'y be an ellipse. 



A 



so the locus is a rcal^ ellipse . 



If we substitute coeffioients in th^ eqiiatioixs . ' • . ' 

. • * *. 2Ah + Bk + D = 'O 

• • . . V . -* • • »'* . \ ' . 

% we pbtain • * . ^i' 

, - l6h - 4k - .3£'W 0 ' ' 
_ ' , • -i^h t lOk + 18 =• 0 , ' ' 

which give- '{2,-1) a's the qenlier -of the ellipse. ' ' 
The »charact^ri8tic equatios. « ' « ' 

- ' . - 2(A, + C)k -P/liAC - B?) ='0 

is ' . ' ' . k^ -.26k + Ikh ... 

which gives 8 and 18-^ as the' characjberistic values. , J» 

These are substituted in the e^ations , ' .' ^ ' . " * 

2AX j- B^x = t^ . ' ; 

' . , ^ • ' btC + 21:^, = k+i • i ' " . ' 

to obtain " , . . . 8A '- k\Ji. - 0 -and • 2X + W = 0 

\ . - - -~ + ,2p. = b " i|X + 8pL = 0 / _ 

which give (^,-7^) and /-§,— ) 'as jairs of dir^Jtlon cesines for the 
of symmetry ^ ' < * ' < 

(2A^ + B|a)x>^^ t 2Cfi)y + (DA + Ejx) 0 ' 
or SP^ v»^^ n 



2x-y-5^0 ^ 



The translation of axes gives the equation 

8x , ^ i|xy % ^y^: - 36 = 0 , 



while the rotation of axfs through an angle 0- such that tan 29 = — =- 
•* . * A - 



gives the transformed equation 



Primes have been pmltted consistently in -^^e Interest of siraplicity. 
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Exercises"St*'10 



Identify the grap^ of the follovfag equations. ObtaJ.n the .ti^f imed 

equation reduced to^ standard form. •Skjtjch the.gi^ph, locating the center • 
(if any)^ and indicate axes^f eyroifetry. ' ' " ' 

l", . 8x^ - 12xy + 17y^ 



2. +\12xy - 13y^ 



^0 = 0 
135 = 0 



■ 3. .5x^ - 6xy + 5y^ - l6x + i6y + 8 ^ 0 

Ik 9x^ - 2l+x^V l6y^ - 20x - l-Jy =""0 

5. 9x^ - 2llxy.+"l6y^ + 60x - 80y + 100 

6. 3x^ + loxy + 3y^ + i6x + i6y + 2U = 0 



0' 



7. 5x^ +' 6xy + - i6x - l6y + 8 



0 



8. 27x^ - i*8xy + 13y^ - 12x + !+Uy - 77 = 0 

3. I2x^ - 'fxy - l2y^ - J+lx + 38y + 22-0 

10. 13x^ + 48xy + ^7y'^ + '^^x + 12y - 77 - 0 

11. 9x^, - 2lixy + l6y^ + 90x - 120y + 200 = 0 

12. lOxy + Ux - lt)y -6 = 0 



/ 
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Supplement to Chapter 10 ' ^ 

• • * ^ ^> ' * ^ \ ' ■ ' 

GEmKTRIC TRANSFORMATIONS 

SlO-l, Isometrjetf Of tiie Line - ^ j ' » ' 

In previous chapters we have se«n examples of rnai)pin68^ of 'a Una onto a 
line and 6f a plane onto a plane . Some of these had the property of preserv- 
ing the distance between any two poi;its and are ther^re called "isonetries," 

.(from Greek, tiroj meaning same and' meaning to measure). 'Hierefore, 

iii isometiy, having this property, will map .any configiiratlon onto' a congruent, 
configuratlo/. In faot this amounts to a definitljon of pongruence. In this 
9hapter we want to /lOT-estigate the isometries of the line and of the plane and 
consider other typ^s of mappings or trans fon^tions . 

Let us 'consider in more gWrality the isometric trans fonaations of a 
line.- Each point F with coortUnate x will be mapi^ onto its image point 
P' with coordinate x« = f{x) . Furthemore, for any two points with co- f 
.ordinates x^*^ and Xg , we have 

•We distinguish two cases according as the origin is a fixed point or is not a. 
fixed point. - * 

If zero is a fixed point, we have f(-0) = 0 ,' so that with x = 0 , (l) 

* I ' 



becomes 



or 



•nils implies that ^ei^her f(x) =.x or f(x) = -x . In the fonner, eadi ppint 
4.S mapped onto itself and this is^called the identity transformation In 
the latter we have a transformation which can be described as a rcflectlop in 
the point 0 , because each point is mapp'od onto its mirror- like image with 
respect to 0 • 
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not a fixed point, it is mapped onto some point vlth.a iKm- 



^ zero 'lip 

aero coordinate andNre can write f(0) = a^ 0 - Ttius vlth, «= 0 > (l) 
becomeeV • * • ' ' i 



or 



|x| = |f(x) 




Thls^Omplies that either f(x) - or f^x) -* a = -x - Bie former ig,' ' ^ 

f(x)- = X + a which a translation and the latter is ftx). = -x -f a*. "The 

ition repres^ted by' f(-«) =^ -x + a can be described, by saying that' / 
^any poUnt is^ ototainc^ by 'a reflection In the origin followed by a 
We nov have ' p ^ » 

S1Q>1 . An isoitotry of rthe line' Is either \ ^ * V ^ 

the identity trans format icxi - ^ . ' 

(2) a translation • V ' ' • 

C3) a reflection in the origin , ' * 

or t * ■ ^ 

(^) a reflection in the origin followed by a translation; 

and conversely. 

. " " ' I . 

^ OJie fourth possibility in Theorem SlO-3^ raises tMe general question of one^ 
trans formation^ followed by another. If the first transformation is f and 
the second is g , we defiarfb the product or ecHaposlte trans formatipn . to be. the*' 



^ transformation 



gf ^: x» = g[f(x)l 



where x— ^ x* means that the image of x** under the inapping gf is . 
As we have seen, the transformation x-— »^ -x -i^ a is comj^site of ^ 
f(x) = -x followed by g(x) = x + a since g[f(-i"^] = -x + a , Frcta de- 
fini^on of an isometry^ it seeans reasonable to. expect that ihe product of two 
isometrics should be an isQmetry% We show this» to be^ true in the following 
case. ' J ""^^ 



Examfflo > Show ithat the translation f(x) = x + a followed by the trans- 
latlon g(x) = X + b- is an isoinetry. ^ 



*0 
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Solution * We tave * ' • 

g[f(x)] = (x t a) + t X + (a + b) 

' ' 7 - , 

* .*iUch represents a trsaislation. *aSius the ccaapofiite trans foi^tion is an • 
- iscaaetry. • ^ ^ . ' 



Exercl^^ SlOrl \ ' ' ' . / 
' ' 1. By considering the remaining posslhili-ftie^ In s\jn1 1 ar fashion j show that * 
. the composite of aijy. two iscsnetries pf the line is a^^n an fsometiry. 

2. Prove the converse of -GSieerem SlO^i. • ' ^ 

,In the first exercise above, it.wds neces^ry to consider * translfttion 
followed .by a reflection. If g(x) = 3C + a ds followed by f(x) =. -x , tlje 
cangosite transformation is ^ , n ^ . . / 

^ ■ fg : fls(x)] = -(x +. a) ='-x - a . - 

This is certainly an isanetry siJ^ce it is a reflection Allowed by a transla- 
tion -a • ^ We see that composition of 1i^4nsfoiinatlpns is not necessarily com- 
mutative siiice in this case fg ^ gf . . However we cai\ generate any isometry 
by an appropriate sequence of compositioris using only translatigtls' and reflec- 
tions • It is not difficult to show that the isometrles of a line form a group 
since the operation of camM^sltion is associative and to each isometry f , 

-1 ' * -1 

there exists an inverse isc^try f such that f f ^ I . : As we haye 

0 

observed, this group is* non-congputative. 



SlO-2, Isometrtes of the Plane 

In previous chapters we considered twD changes of coordinate- systems in 
the plane called translation and rotation. The saine effect can b« produced by 
mappings of the fl^e o^to itself, wiiich leave thp coor^^nate axes unchanged. 
The contest to this is the previous apprc^ch in which the plane remained 
fixed and the coordinate axes were changed. 




In thlB context, V tijuas lotion is a mapping* of the foim 

, ' (x,y)'-^ (x»,y') = (x + h , y + k)-. • * 

A rotation is d mapp^g ili which eacji point is^ta^pped oftto a point the saml ^ • 
distance from the origiji^ Thesfe Jpints detemipe rays from the origin which 
•form an fmgle in st^iro^ard position whose' measure is incr^sed' "by 6 • 




T 



f 



Figure 33,0-1 



Let (r, <t)) be a point P described ^ polar coordinates vhere^'the pplar aula 
■^s the positive side of the.x-axi^ Bie rotation mappi^ can now* "be written 



♦ 

In terms of rectangular coordinates, we have 

X* = r cos.(o ^ O) - r cos <^ con - r sin 0 sin 

- X cos 0 --5^ sin t? 
, y* = r sin ^ 4) + ^) ^ r sin 0 cos 0 + r cos $ sin 

- X sin " + y cos 0 V 
T^ie proofs that those mappings are isometries are left as exercises • 



f 



/ '» The previous discvtssioa of reflection vlth respect to appoint can tie 
4xtendecl^to the plane. A reflection in the brigin can "be defined by the 
^ trans fpimatl on ' ♦ ^' v * - • • 




i 



Figure^O-2 - ' ' 

• * ' , ... ' ' 

■ .The descri^ion fcf this trans foimat ion. is particularly simple in terns of 
polar coordinates since P(r,0 ^<PH-r,<f>) . By using the disti!ace fonifula 
■ for the appWiaie coordinate •systan\ it Is' easy to verify that this trans- 
' foiyiation is an isometry of the plkne. however a rotation of it radians is 
. the sep^ transforation. This can he seen by letting 6 = it "in the rectangti- 
* lar description of a rotation to obtain ^ 

, x» = X cos Ji - y sin It = -X 

y' = X sin It + y cos n = ~y f ^ . 

or by letting 9 -n in the polar description to obtain 

(r>) (r, , 4) ^^%) . ^ ' . 

*The last ordered pair represents a point in polar coordinates vhich can also 
bo represented as (-r,0) ^ ' ^ 



4. 
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W« now. introduce another transformation vhich;^can be describ^'a^ a re- 
flection 4n a line. ISie imge of a point is .found /by co^tructing a ferpen- 



dicular to t^e-^a^ exteiiding it on the other side a distance eqifial- to th 
; distance of the p6int froiiU the Jlne . i 




The trans foimatl on equations refactions in certain, lines can be 
written down immediately. For inltance, for reflection in the x-aj^s, 
we have (x,y) — ti^U^y') ^ (x,-y) , 



^ 



• Figure SM-U 

» 

'For refldction in ttfe y-oxls, we have 











p' 




> 





r 



Figi^re 310-5 



We can sljnllarly define the product <Sf tyo transformations of the plane 
onto itself, 'and again wo^jld expect the product of 'two ifeoaetries to "be an ^ 
isonetry. In fact we 'will show thai; any isCmetry^of the pW can be des- 
crihed solely in terms of reflections. Thus the group of isometries of. the 
pOflfle with, composition can, be generated from the set of reflections ^ne. 

' • ' \ ' 

J E2£anip;.e . Find the isometry ccsnpo&ed of reflection in' the ifne x'f 1 
fplloWBd by reflection in the Llfee ■ x ^ h * ^ ^ ^ ' ' ^ 

■Solution. * • • ' , ' 



P 



-/ . <? 




p' 



r 



Figure SlO-6 



Olie first reflection maps P(x,y) pnto P*(xSy*) =^ (^^ "^2 , y) and the 
second maps (xSy\) onto U",y") = (-x* + 8 , y') , By composition of the 
mappingB, we iinmedlatei/ have 

X** '-k* + 8 =^ -(-X + 2) + 8 - X + 6 . 

y^5 = y^ y " . * - . 

and Ve recognize-^i^se as the equations of a translation which ma^s^oAch point 
onto the point six units to the right, /' 



Exercises 



1. Do the two inappings ±n tjae example ccmnute under composition? ^ 

2. Find the Equations X0 describe' the mapping of reflection in an arbitrary 
vertical line ' x = h. and in an arbitrary horizontal line #y f k , - ^ 

3. Using ^Exoff-cise^ 2 find thor cxxnpbsite mapprn^ given by. successive ^ 
reflection in either ,2 horizontal or 2 vertical lines. 

km Wliat is the composite 'mapping given by reflection in the line^x - h 

fol^wed by reflection in. the line ^^-^''^ 
5« Do the mappings in Exercise i and ^ cWmate linder ccanposition? i. 



' SlO-3. Reflections and Isometries * % * • 

^ — — . * % 

The above exercises illustrate the proposition that any translation or 
Bfiy reflection in a point can be obtained by a succession of reflections in 
appropriate Unes. We observed previoi(sly that a reflection in ^0 is 
equivalent to a rotation of n radiaas, so that a rotation of it i*adians 
can be obtained by a succession t»f reflections • Let us try to establish 
further connections between reflections and rotations by describing a reflec- 
tion in a line L in terms of polar coordinates. Choose the pole of the 
'coordinate systom'on the Tine in which the reflection Is to be made anc^ 
the equation oi^ the line L be S = k , a ct>nstant. 



. 1^ 

Lon 

From ffgure HIO-Y it con be seen thai ^r. r cukI that a measure of 
IS 0 f {(i - 4*) - pn - $ for this j^rticular diagram. Wo can show this in 
^ p.eneral If WG--'^^Q?t with the angle 2 0 and subtract the ai(gle to arrive 
at the tenninal side ol\ the ang]^ ijj^ - lhi^3 the reflection in the line L 
iii t\^. tmppiii^^ A, 



/ 



I 



Figure SlO-7 ^ ' j 
Suppose ve now carry out successive reflections in lines. L and • M 
through- 0 vl*h equations * = 0^ . and * = . By (l) ve can denote the 

reflections by V ■ 

The composite trans foimat ion followed by can be described as ^ 

t t 

■where • r" = r' = r- 

and • 29^ - - (2('^ - 0) = * + 2( " \^ ' 

Wo recognize this- as the description of a rotation of 2{B^ - H-^) ; thus^ ^ 

the c^positQ mapping of two reflections in' Intersecting lines is a rotation. 

* 

Exercigns SlO-3 

1. By Reversing the above argument, prove that any rotation is the product 
, of Une reflections. . 

2. Using the notation of tlin preceding .discus sion, detemKk . 



n 
l2n 



4 



4 



git-OKtM SI 
^ refKct: 



5 are nov in^^ir^osition -to pro%/^ * 



•ftny.lscSWP^ of the fJlane is- ccaigxjsed^of a:^; nost ^hree ])lne* 



Ertx>f Assume -wTe hav^s^ne dis^tance-fireservlSg' tJanfel^^pat^ vlH 
Inhere fore^ ma ajTSpMn^r^ ^Onto a coqgrueirt' triangle A'B*C*^^ ^ ^ 

The>,line through -the points A ^feuid B -mcj^ or may, not intferfeect the line 
I the •points 'A' aiid B' . Henpe vg consider tw cafiefe. ^ 




Case I, The lines 'AB a^id^ 'a^B** int^ect. 



7 




Figure SlO-8 

Frean Figtlre [510-8 ve see there are two^possible posiMpns f of*' the point C' *t 
^intG o'f intersection of the '^ei^^c^eG given by the conditions * ^ 

d{AScO = d(A,C) and d(BScO r d(B,C) . Fbr one position of C'"-, the 
trans formation is a rotation 0 about 0 which can be represented as the 
product of tvo line ref lecHiions . For the other position of (^^ ^ the trans- 
formation is tljf same rotation followed by a reflection In the line through 
.A' and B* ^ and therefore iu the product of three line ^i'C fleet ions • ^ , 



/ 
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, ' ' Figure SlO-9 

C^ce again there are two possible positions for the point C j Consider 

the line L midway beftween the lines AB and A^b' . Then for one position 
'of. C /the transformation is a reflection in L . For the other position of 
C' , the transformation is a reflection in L folloved\^by a reflection in the 

line A*B^ which completes the proof of the theorem. . , 

. ■■ ■ r ■ 

S10-i|-, Non- isometric Transformations ^ 

• In Section S2-2, in addition to the transformations' of a line onto itself 
called translation and, reflection, the tijiinsformation' c expannlonr, nnd rnntr«e- 
tions were defined. An exjsnsion is a mapping x x' = ajf where a > 1 
and a contraction is a napping x -» x' - ax where 0 ,< a < 1 . It ic 
apparent that neither of these is an Iscmetry since the 'origin is mapped onto 
itself and the point Tjhbse coordlnats io '1 Id mapped, onto the poinB 
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whose ccfJrdinate is a , but |l - oj / |a - 0| • We may consider the com- 
^positions of these transformations with themselves and with isometrles to 
obtain a general ^ss of ^trans formations of the fom 



ax + b a ^ 0 • 



known as the class of linear tiunsfomations . As ve noted in Section S2-2^ this 
set of linear transfomatioHs with the operation of composition foiios a group. 

The idea of a linear transformation fixtends naturaUy to the plane by 
considering the mapping (x,y)-^(xSyO where ' ■' , 

x' ^ ax + by + h, , |a| + |b| 0 , ^ 

y' ==-cx + dy + k , |c| + |d| 0 / 
We see immediately that .this mapping is the ccMposition of the mapping 

(x^y)— (xSyO = (ox -«-Nby ^ cx + dy) 
followed bjrthe translation 

« 

■ (xSy')-* (x",y") = (x- +h /y' 4- k) . 

Tlxerefore we consider a subset of the s6t^t)f linear format ion l-^of the 

- plane, namely those transformations of the fom ^ ^ 

(x^y)-*- (xSyO = (ajc + by , cx 4- dy) .which leave the oi:igin fixed. This 

* . * ft' 

subset includes the rotations and reflections in the plan^ previously dis- 
cussed in this chapter. One of the things that can be done in general with 
this subset is to investigate whether it foi-ms d group under composition. ' The 
identxty^ mapping is an identity e/ement for the operation of composition. 
Hence a given mapping will iiave an inverse if it can be followed by a mapping 
which will map (x^yO back onto (x,y).. . To find whether such a mapping 
. exists^ wc consider theT compoitite mapping (x,y)— ^*(x* ^lyO ^ (ax + by , cx + dy) 
followed by (x^yO— ^ (x",y") = (px* + qy^ , rx» + ay) , We obtain the 
mapping (x^y)— ^ (x"^t^") wiiere ■ ' ^. 

x" = p(ajc + by) + 'j(cx + dy) -■ (ap + cq)x + (bp + dq)y 
y" r(ax + by) + g(cx + dy) (ar ^ hv.)x + (br f . 

vhiq^ is a mapping of .the same fonn. 'nxiv^ , given a , b , c , d ^ we want to 
determine , q , r s no that tiio componite mapping. Is the identity 
niapping; that is, so that- ' ' - 



ap ^ eq - 1 
'bp + dq ^ 0 



ar cii 



br f dG - 1 



0 



'i.2:i 
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This is actually twb linear systems, e^ch consisting of two equations in two 
unknownG, which can be solved, to obtain 

d 



/ 



. ^ - be ' ad - be :* ^' " ad - be " ac - be ' 

if ad - be ^ 0 . * Thus, a mapping will liave an inverse if aUd only 'if- 
ad - tc 0 . It is left as an exercise to prove th^ this set of traj:iBforma- 
tions is associative* We •combine these results in 

THECREM S10-3 « The set of linear transf orniat$*t)ns of the form 

(x,y) (xSyO - (ax + by ,*cx f dy) 
vhere ^ - be / 0 , fona^ a group under the operation of ccxnposition. t 

• • We'now consider examples of linear trans fo motions which are not 

isonetries* • ' ' ^ 

\ 

p Exam£le'.l.. Discuss the linear transformation -r ^ 

. > (x,y) (x',y') = {r'x + 3y , X - y) . 

Dlsqussion . , We start by examining \riiat happens to points on certain 
lines unfler thisr .trens formation. For instance, a point on the x-axis, (a,0) , 

^ris mapped onto the pqint f2^,a) , which lies o^ the line y = " ^ 

on the y-axis, (0,a) , is mapped' onto the point (3a,-a) , ;^ich lies on the 
llxie y--ix. If a point l?es on a lihe.'' whose equation- is 
ax + by + c = 0 , we can find a condition on the tjoordinates of Its image by 
expressing x and 'y ih terms of x' and y' and substituting in the 
equation. From the equations of the transformation we get ' . 

y.- |(x' - 2y).^ 

(TFils'also shows that any point (x'^y') ia the image of some (x,y) . HiMO 
a point on the line is mapped onto a point (x',y') such that 

a(x' ^ iy') + b(x' - 2y') + 5^ = O 
or (a + b)x' +' (3a - 2b)y' +/jc - 0 . 

which* is an equation, of a line* Hfnce a line is mapped onto.,ft line, aiid if 
the lino contains the origin (i.e., c ^ 0> , so doer, itr. imago, l^ie imucen 
• of other loci cajf -be similarly- determined. , 
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£2^- Discuss the linear transformation • 

(x^y) — ^ (^',y') = (x + y% 2x + 2y). 

Discussion , We first observe that this trans fqxmation does not/tJelong to 
the group described in Oheorem SlO-3 since !• 2 - 1 *^-2 = Q. . Hence it does not 
possess an inverse mapping under composition. We investigate this transforma- 
tion geometrically. A point (a,b) is mapped onto the point 
*(a 4- b ^2a + 2b) . (Hiis image Uics on the line . y ^ 2x ^ so that the plane 
is. mapped onto a single line in plane. Furthenrore^ infinitely many points 
in the plane are mapped onto each point on the line y =. 2x . . Thus the 
mapping does not have an inverse mapping in the? sense of assigning a unique 
pre-image to each image point. ' 

V Since there is a one-to-one correspondence between pDints in the plane 
and complex numbers ^ it is not surprising that mappings of the plane can be 
related to complex numbers • Recall that if ^ have a rectangular coordinate 
syston, this correspondence is established by associating the poini? (a>b) 
and the cc3aii:plex number a -i- bi . Thus any of the mappings ve have discussed 
so far can be considered as mappings of the set of complex numbers into itself. 
!Hlat is, if (x,y) is mpped onto (x'^y*) , we consider the complex number 
X + yi mapped onto the complex number^' + yU . Since funcrtiioi^ are 
map|)ings, functions vhose domain and range are the set of canp^ex numbers give 
a mapping of the set of complex numbers into itself. For example consider the 
• function- defined by fC^;) = 2z ^,or the mapping z = 22, where 

z X t yi = + y'i • Ihis ftkictionrm^ps x + yl onto 2x -f 2yi, , 

wliich corresponds to mapping the point (x^y) onto the point 

'^y') (2x,2y) ^ An investigation of this mapping is left for an exercise. 



Wo give another example of this rojationship. * 

Example j. Discuon the mapping defini^d by the equation f(z) = z 

w 

Discussion , ^'rom tho egj^Man vg have 



z' = x' + y'i ■■- 'i = (x + yi)'" - x' - y*" + 2xyi . 
Hence, In tornu; ul' coord inatuG the mapping is; thu non- U near tnmr. I'oJlTmitlon 

X ' X - y 
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Wfe see from these equations JcihsLt the hyperbola x - y = k is mapj^ onto 
the line = k and the hVperbola * 2xy - k is mapped onto the line y* =* ^^/r,,. 
(It is convenient to t^iink of the functions as a rnpping of the z-plane, wittC- '" 
X and y coordinates, into the z*-plane, with x' and y» ccx)rdlnates • ) ^' 
We also have > *■ / • * 



so .that the* circle x^ + = r in the" z-plane is mapi^ onto the circle 

x*^ ^ y*^ = r^ in the z» -plane. Wd see that in- trying to develop a geon^tric 
description of a mapping, it is scmetimes more fruitful to discuss the i^pages 
of certair/' loci rather than the iiipges of individual points • This mlpping is 
an example of an Important class functions of , z knpwi/as conformal 
mappings which have the prope,rty of preserving the angle of idtersection'of 
two curves. This proi^rty is of fundamental importance in the geneiul theory 
of functions of a complex variable z . In particillar^ polynomials in z and 
their quotients will provide confornml mappings. • 



Scsnetimes information about a mapping can be obtained by using the polar' 
representation of a ccmpa^ex^umber. Thus, if 0 is the angle in standard 

4 

position which contains " (x,y) on its terminal side, we con write 
7 



where r 



/2 ^ 2 
= /X ft y 



s = X + yi = r(cos 0 + i sin $) 
De ^k)ivre*s Theorem gives us 



z'^ = r^(cos 20 + i sin 20) , 



•Bius, in. the mapping z z' =^z^ , the point (r,0) is mapped onto the 
•point (r^,20) , wtilch giveo a general geometric descrlptioi^ of \he nta^ing. 




Figure SlO-10 
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y Byefclses SlO-^j- 



1. Show that any trans forma1|ion belonging to ,the group in Theorem SlO-3 vill 
map a line onto a licie> 

2. Discuss the trans forsftat ions . (x,y) (2x,2y) , (x,y) — ^ (^x, ^y) , ^ 

2 2 

and (x,y) C2x,3y) by finding the image of x + y = 1. • 

3» In Example 2, find those poirfts which are mapped onto the same poibt on 
y - 2x • ' • . 

4. Show that the angle "between two lines through the origin is preserved^ 
under the mapping z z' = kz , 

5- Discuss the mapping z -•^ ^ ^ — • 

^ .-''■-•.^*>.^ ,, . 

6# -^FAnd various ^quatS^onsr to repres^t the mapping called "inversion in a 

circle, in "which a point at distance d froHi the origin is mapped orftx) 

^ the point at distance from the origin lying on the same ray frcm 

origin, The origin is mapped onto itssif . * 
7," Prove tha-f the set of linear transformation! 

(x,y) — (x%y*) ^ (ax + by, ex + ,dy) is assoGlatlv.^jp-r*. 

GlO-5. Matrix Representation of Transf ormat 1 ons 

< 

In the previous section we saw that the prc^i^ct of two linear transfor- 
mations is ag^n.a« linear transformation. It is convenient to Introdutfe a 
notation to represent a 'linear transformation 

x' = ox +' by 
yT'^ cx -H dy. . 



v 



/ ^ 



Since the coefficients of x and y determine the TS^lng, ve represent the^ 
mapping by the matrix ^ 



■{::). 



where a matrix in genoral is simply^ a roptaxigular array of numb(5rs arr^mged in 
rows (^rizontally) and columns (vertically). \Tfi^'VipQmponi to mapping fg is 
the mapping g followed by the mapping f . Tlius, as we saw in the previous 
section, the mapping whose matrix is 



folXomd Ipy the mpping vhose i»trlx is 

/ p <l\ 

is the? mapping whose matrix is ^ 
V ^ /pa + q.c ph + qd\ 

\ra + sc tb f sd J • 

Hence, it is natural to define a binary operation on these matrices as foll^jf^. 

i 

HEFIHITICW ^ ^vj( |feitrix multiplication ) 

' /p q\A h\ _ /pa + qc ph ^ qd\ 

\r s/\c d/- \ra + sc rb + sd/ 

Observe that each entry in the product matrix> is the inner product of a^ : 
• , row in the left factor by a column in the xight factor. Because of this, 
matrix multiplication can be described as "row into column" multiplication. 

Example 1. Find the matrix vhich represents a mappA^:,-<iescribed by 
rotation o . V:. % 



Solution* Tlie equations of this mapping using rectangular coordinates 



are 

, i x» ^ X cos B - i sin ^ 

= X sin 0 + y cos 0 . 

The corresponding matrix is 

^ /cosO -slnsN 

V sin 0 COB 0 / 



' Example 2. Using 'matrices find the mapping composed of a reflection i^*^^^, 
the X-axis followed by a reflection in- the y-axis. ] -V/-. 



^go: ^ution . As we have seen^ the equations for a reflectioa'. in the 
x-axis * « 



x» = x = l*x + 0*y 

y' = -y - 0 .X ^ (-l)y 



0 , ^ 



so that the correspondlijg matrix 1b ^ , 



Bie eqvttitiohs for a reflection s^^^ the y-euds are 

,x' = -3^ C-l)x + 0 • y 



• = y =^ .■:^+ 1 . y 



with matrix '.. 



!nie matrix for the cmposlte mapping R R , is 

« y X 



vhich corresponds to the mapping (x,y) (-x,-y) . ^Thi^^ as we h^vG'seen, 
is a reflection in 0 or a rotation of n radians. 



Exercises Sl O-^a 

(Ifee Jtotricii^) ^ ' ' , . ' _ . •. ^' 

■ • * • ' \ 

!• Using the notation &f the example ab©ve, find R B *. * * ' 

✓ . ^ y . 

2. Find the matrix for , . 

(a) reflection in the line y = x . _ ' ^ 

(b) reflection in *the line y = -x ^ 

3 • Find the matrix for, and interpret geometrically, a reflection in the 

It " ' 

line y = X followed by 4 3*otatlon of radians* 

U» Dsscribe the mapping which resuits frooga a rotation 0- followed by a 
rotation 0 . • *i Pi'. ;r 

5. Show that matrix multiplication is assoqiative but not ccfflmiutative# 

. — ^ . * • 

*6. Show that the matrix for a reflection in a line through 0 with laclina 
tlon 9 l6 



/cos 2 6 sin 2e\ 
\Bln 20 -coE 2 9/ . 



(Hint J Whll^ this can be dcme directly in rectangular coordinates using 
trigonometry^ it is also interesting- to solve the probl^ using polar 
coordinates.) Verify that this matrix includes .the -previously discussed 

cases ^ = 0 , ^ , , bx^ radians. 

Find the matrix, for a reflection In a line through 0 with Inclination 
0^ followed by a reflection in a^line through 0 with in clina tion 0^. 

Show that 1?he answer agrees with previous results* 

We liave a one-tq^^orie^jjdrrespondenCe between two-by-.two matrices (2 rows 
and 2 columns) and linear transformations of the plane which laave the 
origin unchanged. We .also see, by the definition of matrix multiplication, 
that the product of two matrices, corresponds to the mapping coaugposed of the 
mappings corresponding to the matrices. Hius, the twD syst^ns are isomorphic 
in the sense that any operations on mappings can also be interpreted in terms 
of operations on the corresponding matrlce^. Hence Iheorem SlO-3 has an 
analogue for mtrices as follows. 

#. 

THEOREM 510-U. The set of matrices of the form^ 



(::). 



where ad - be yE'*0 , foms a group under the operation of matrix multi- 
plication. 



13ie number ad - be is called the determinant of the matrix and the * 
matrix is called non- singular if " ad - be jf^ 0 ^ Thus the set In the theorm 
is the set of non-singular two-byrtwo matrices. 

Since we found the inverse of a mapping in the proof of Theorem Slt)-3^ we 
may write the inverse 9f a hon-singular matrix under matrix multiplication as 

d- -b 




^ad - be ad - bo^ 

* 

We now conGider the matrices of iscmietries of the plane which leave the 
origin fixed. By Theorem any such mktrix^is the produpt of at most-* 

/three matrices each of which represents a reflection* By Problem 6 in Exercises 
*S10-5a, the matrix' of a "tref lection in a iine through the origin can be wi!,itten 

ERIC . ' , • 



a3 



(cos a sin a\ 
sin a -cos a / 



for^'^ome a • By Problem 7 in t)ie same set of exercises, the matrix for the 

product of two line reflections, which is a rotation, can Ije written as 
. . * If. 



(cos p -sin p\ 
sin P cos py 



for seme, p . Since matrix multiplication is assoijiative, the matrix for the 
product of three line reflections can be written as a reflection matrix tjjn^ 
a Boi^tlon matrix; that is, as / 



fcos a sih q\ /cos ^ -sin p\ 
sin a -cos a/\sin 0 cos 



for appjxjpriate a P • This product is 

(cos d cos p + sin a sin p sfn a cos p - cos a sin p\ 
si» a cos p / cos a sin p -cos a cos p"- sin a sin ffy ) 

/cos (a - p) sin (a - p)\ ' 
V. " ysin (a'- p) -cos' (a - p) / . ^ 

e 

Thus we haVe the following theorem • ' ^ 

OaiEORQl SlO-5. Any isometry of the plane with 0 as a fixed point can. be 



represented by one of the matrices' 

(cos ex sin a 
sin ex. -cos a 

for suitable a . 



\ / cos a -sin a\ 
J I sin a cos a j 



S 

A. 



Corollary S10-g^.-l ^ The determinant of a matrix which represents an 
imetry;-^ the plane with 0 as a fixed point is either 1 or -1 . 



Let s be the set of matrices which can be written in^ither of the 



fplrq^ 






3^ 



for sme a • We define two matrices to be equal if and only if they are^^-j?^ 
identical, that is, if and only if their corresponding entries are equal- - 
Hius the same matrix may arise frcaa 4ifferent values of a , but we consider 



the matrices thesoselves and not the valu^ Qf a • As ve have seen^ each such 
matrix represents an iscMetry: (eithej a Jdne reflection or a rotation) j and 
by Theorem SlO-5, aixy iscMetry vLth 9 ' a fixed jwint caji he^repr^ented by 
such a matrix. / . ' ' i 

The set s foms A.grouip^ under the Qperairion of matrix auJ-tipllcation^ 
vhioh is a subgroup of the^ group descrit^ in BieAreaii^ 810-4. 

; ;"■ • ■ > . > ■ ■ ■ . ■ 

' Exercises SIQ-^ 
!• Prove that the set ^ just described^ is group# 

2 . Show* that the determinant of! the product of two' sqiuare matrices of .orAer 

2 • • ■ * 

2 eqiials the prqduolf '.of their dpt^^napts. ' ^ 

# . ' nV' I ' ' ' 

3. Show that there etxist tettices with deteiroina^t 1 or . -1 which do not 
represent ^isdinetries>;. . ; 

k. Pi^Jve, using the distance fomula, that an Isgmetry'^ "Wth 0 as a fixed 
point fc^^^a matrix whose deteminant is 1 or -1 . V , • 

5. Any matrix in the set / s^ , in a^^tion to Having determinant ^Zl f hg^s 
the property that the^um of the. squares of the elements in any rd^ or 
in any column is 1 • * Proye that* if a matrix has determinant t 1 and* 
has th^ sum of the squares . of elements in each column ('or in each row) 
equal , to 1 , then it is |L^m^ber of s . \ V 



SlO-6. Symmetry - 

\' 

Ttie symm^itries of a geometric figure can be interpreted very nicely in 

teMis of mappings. If a figure is mapped- into itself by a parti oular isometry, 

* ... , ^ 

then it has the particular kind of symmetry described by thi^K isoanetry. -Thus a 
fi^jore may have symmetry with respect to a point if it is mapped into itself * 
ujfetfi' refiection in that point; it may have syrmnetry with respect to a line if 
it is^pped^into itself upon reflection in that line. The algebraic tests 
for symmetry arise from the equations of the various mappings • 

As yoi^ave seen, it is possible to simplify the equations of * various . 
loci by using ai)pro5riate transformations. In i^ticular it is possible to 
eliminate by translation tha terms involving x and y in an equation for an 
ellipse or a hyperbola. Then a suitable rotation will eliminate the xy term. 
Geonetrically, what this 'litst step involves is the 'determination of suitable 
rotation so that the x and y axes become axes of .symmetry of the flgixre. 



We now want^to solve this problem by means of the algebra of matrices.. We 
assiime that a sixi table translation has be^;Q made so that the hyperbola or 
ellij^e has its center at tie origin of a rectangular coordinate system* 
Hence its equ^ion is . 

2 2 

(1) f(x^y) - Ax Bxy + Cy ^ D • 

We want to detemLne a rotation so . that the points \Aich satisfy f(x,y) = D 
will be mapped onto points which satisfy some equation not having an xy term. 
Since the constant teim is unaffected by a rotation, we consider only the qua- 
dratic portion f(x,y) of (l) . If we extend our notion of matrix multipli- 
cation slightly, we dan get a matrix representation of f(x,y) ♦ We iatix»iuc6 
matrices with one row and two colxmms or two rows and one column and define a 
product of one of these times a two-by-two matrix. 



DEFDTETIQH. 



(x y) 




(p q.)(_) =(pr + <is) 



\ 



f Kotice tiJSt the cme-ty-two (oas-iwo-TDy-one) matrices niust occiir in thq 
proper position but that the miatipll cation is still rc:?w into column multipli- 
cation.V We now associate with f(x,y) the matrix 




and verify without difficulty that 
(2) ' f(x,y) = (x y)lB 



..We can similarly express a rotation 0 as 

' /x'\ /cos 9 -sin -0 

(3) ) = f 

VyV Uin 0 





By theorem SIO-^ this rotation matrix Bas an, inverse. The I^uaticm (3) is 'a ^ 
statement of equality of matrices and hence each mmber C€in be miltft plied on. 
the |.eft "by the inverse niatrix to obtain equaT matrices . 




cos 6 sin &\fx 
^-sin e COB eJ\y'J 

{Tbie assumes associativity of a matrix product involving non-square matrices 
and the Ejroof of this is left as sua exercise.) 

(.'■" - Frcan the definition it is not hard to see that if * ' 

"v. . • 

/ax + by\ /a b\/x\ 
\cx + dy/ J^\yj 

J^hen 

• ^ (ax + by cx + dy) - (x y)^^ d)' * 

Ihus from {h) ve have 

(cos 8 -sib 0^ 
sin 0 cos Qi 

Substituting {h) and (5) into (2) we see ti^V^ rotation viU trans- 
form f(x,y) .into 

(cos e -sin 0\/a ^\f^tOB e 
sin e. cos 0/\f C/\-9in B 




/A cos e - "I sin e ^2 ^ ^ ey^c*^ 



■Q T5 J ■ I 

Gin e + ^ cos 0 ' ^ sin 0 +C cos 0/ \-sin 0 cos 0/ 




V2 



We now wa/t to determine 0 so, that g(x»'|.y*) remains unch^liged when 
x' Is replaced by -x' and also when y' is replaced by -y' , will 
occW if g(xSyO d-oes not have an x'y* tei*m« 

jbie coefficient of x'y* in Bi'x^y^) is ^ 

B 2 2 ''"^ 

' B' 2{(A - C) sin 0 cos 0 - ^^sin 0 - cos 0)) 

= (A - C) ain 2 0 + p COB 2 0 . 
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9^ "^ 0 i f 



0 



^ radians, when A = C 



2 J ^-^^ , when A / C ^ 



S = -r- arc 



In Chapter S? the latte|t angle e vas ^ arc tan #^ ^ ^ - ^ , since there, 

the cuces vere rotated, whei-eas in this treatment, the axes reanaln fixed and 
the plane is mapped onto itself- The calculations heua^o ix)t differ from -* 
those in Chapter S7, but it is of intere'st to see them carried ^t in a 
different framework. 

* We ;aay^^iiso use this approach to prove that the determinant of f (x,y) , 

which is ^AC TJ" ^ invariant not only imder a rotation, buj also lander any 
Isometry \rtiich leaves 0 fixed* For this we use the fact that 

o ' 







(:3 










f 



which was shown in Problem 2, Exercises S10-5b. Thus if M is the matrix of 

If 

such an iscanet^, we have 



A'C - 



B* 



V 




ra 



= AC 



B 

T 



since ad - ^3c = _ 1 , 



Exercises SlO-6 



V 
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1. Describe (in terms of reflections 
alone) the isometrles of the plane 
which in eiddition carry the outline 

p of a given rectangle into itself. 



I-l. reflection in y"^'axis : (x,y)— (-x,y) 

I-'2* reflection in x axis : (x,y)— (x,'y) 

1-3- reflection in the origin Xt^) — ^ (-x,-y) 

I'k.^ identity (x,y)— (x,y.) 

I-l followed 1-2 has the saxm result as 1-3. 



ft 



2. DescsrllJe (in terms of reflectioxis 






EU.one) the isometries^of the plane 


K ■ . 


1 


• • which in addition caxry the outline 


^ TO' 


of a given square into itself ^ 




% 1 s 

1 N 




% I-l. reflection in the x-axis 


•> 


1 \* 
* { 

{ 

,y) 


I ' 1 * — 
\ 

S 1 
N 4 

A, 


1-2. reflection in the y-axis 


(x,y) — (x, 


-y^ 




• 1-3 • reflection in the origin 

imi^ identity (x,y) (x,y) 

anoin addition^ 


(x,y)-^ (-X 


,-y)* ■ 










; 1-5.' reflection in the line (x,y) — 


(yjx) 


♦ 


1-6. reflection iii the 135^ 


line (x,y) — 


- (-y,-x) 



3. Describe the isometjries of 3-spacavwhich in addition carry ^ given cube 



into itself. 




s • ■ ' 




